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ABSTRACT. Every unitary solution of the Yang-Baxter equation (R-matrix)
in dimension d can be viewed as a unitary element of the Cuntz algebra Oy
and as such defines an endomorphism of Q4. These Yang-Baxter endomor-
phisms restrict and extend to endomorphisms of several other C*- and von
Neumann algebras and furthermore define a II; factor associated with an
extremal character of the infinite braid group. This paper is devoted to a
detailed study of such Yang-Baxter endomorphisms.

Among the topics discussed are characterizations of Yang-Baxter endomor-
phisms and the relative commutants of the various subfactors they induce,
an endomorphism perspective on algebraic operations on R-matrices such as
tensor products and cabling powers, and properties of characters of the infi-
nite braid group defined by R-matrices. In particular, it is proven that the
partial trace of an R-matrix is an invariant for its character by a commuting
square argument.

Yang-Baxter endomorphisms also supply information on R-matrices them-
selves, for example it is shown that the left and right partial traces of an
R-matrix coincide and are normal, and that the spectrum of an R-matrix
can not be concentrated in a small disc. Upper and lower bounds on the min-
imal and Jones indices of Yang-Baxter endomorphisms are derived, and a
full characterization of R-matrices defining ergodic endomorphisms is given.

As examples, so-called simple R-matrices are discussed in any dimension d,
and the set of all Yang-Baxter endomorphisms in d = 2 is completely ana-
lyzed.
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1. INTRODUCTION

This article is motivated by two circles of questions — one pertaining to the
Yang-Baxter equation and one to endomorphisms of the Cuntz algebras and
related operator algebras — that are brought into contact by the so-called Yang-
Baxter endomorphisms. As the name suggests, these are endomorphisms of
various (- and von Neumann algebras, as explained below, defined by unitary
solutions of the Yang-Baxter equation.

To introduce the subject, recall that the Yang-Baxter equation (YBE) is a
cubic equation for an endomorphism R € End(V ® V') of the tensor square of a
vector space V', namely

(1.1) (R®idy)(idy ®R)(R ®idy) = (idy ®R)(R ® idy ) (idy ®R).

This equation and its solutions play a prominent role in many different areas of
physics and mathematics. It has its origins in statistical mechanics and quantum
mechanics [YanG7, Bax72], but is long since known to also be closely connected
to braid group representations and knot theory [Jon87, Tur88], von Neumann
algebras and subfactors [Jon83], and braided categories [Lon92, TWO05, EP12,
GR18]. Representations of quantum groups [Dri86, Jim86] are a rich source of
solutions for the Yang-Baxter equation.

In many of these fields, one is mostly interested in the case that V is a
finite-dimensional Hilbert space and R is a unitary solution of (1.1). Also in
the present article, we will only be concerned with such R-matrices, henceforth
always assumed to be unitary, and refer to d := dim V' as the dimension of R.
The set of all R-matrices of dimension d will be denoted R(d).

Unitary R-matrices are of great interest in several applications to quantum
physics. For example, in topological quantum computation they serve as quan-
tum gates [K1.04, BGO6, RW12], and in the context of integrable quantum field
theories on two-dimensional Minkowski space, unitary solutions of a more in-
volved Yang-Baxter equation involving a spectral parameter play the role of
two-particle collision operators [AARO1]. Unitary solutions of (1.1), without
spectral parameter, then describe the structure of short distance scaling limits
of such theories [LLS19].

Furthermore, as will be explained further below, R-matrices give rise to cer-
tain endomorphisms of von Neumann algebras that share many structural prop-
erties with endomorphisms appearing in quantum field theories with braid group
statistics [Fro88, FRS89, Lon92).

Despite this widespread interest in the Yang-Baxter equation, only relatively
little is known about its solutions, and in particular about its unitary solutions,
which are very difficult to find in general. In dimension d = 2, all solutions
are known [Hic92] but already for d = 3, this is no longer the case. For special
classes of solutions, see e.g. [GJ89, Byt19].

The only general class of R-matrices that seems to be under good control are
the involutive R-matrices (that is, R? = 1) which have recently been completely
classified by one of us [LPW19] up to an equivalence relation originating from
algebraic quantum field theory [AL17]. This classification relied crucially on
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the fact that involutive R-matrices define extremal characters of the infinite
symmetric group, a classification of which is known [Tho64].

This state of affairs provides one of the main motivations for this article:
To develop tools that can be used to understand the set of R-matrices in the
vastly more general non-involutive case. Although often times the braid group
representations associated with an R-matrix are emphasized, these are by no
means the only interesting algebraic structure attached to an R-matrix, and in
this article, our focus is on certain endomorphisms and subfactors defined by R.

In order to introduce these endomorphisms, we recall some facts about the
Cuntz algebras, see Section 2 for precise definitions and details. The Cuntz
algebras Oy, d € {2,3,...} [Cun77] are a family of C*-algebras that play a
prominent role in various fields — for example, in superselection theory and
duality for compact groups [DR87], wavelets [3.J99], and twisted cyclic cocycles
in noncommutative geometry [CPR10], to name just a very few samples from
different areas.

There are two fundamental features of Oy that underlie the main concept
of this article: First, its unitary elements u € U(O,4) are in bijection with
its (unital, *-) endomorphisms A, € End(Qy) [Cun80]. As Oy is a simple C*-
algebra, these are automatically injective. Second, the Cuntz algebra O, can
be thought of as being generated by a d-dimensional Hilbert space V', namely it
contains all linear maps V& — V@™ n m € Ny. In particular, there is a UHF
subalgebra JF,; isomorphic to the infinite C*-tensor product of End V.

In view of these facts, we may view an R-matrix R, which is in particular a
unitary element of End(V®V'), as a unitary in O, (with d = dim V') and consider
the corresponding endomorphism Az € End O,4.They will be called Yang-Baxter
endomorphisms, and their analysis is the main subject of this paper.

The Cuntz algebra Oy can be completed in a natural way to a type III,; 4
factor M, and its subalgebra F; completes to a type II; factor N' C M. Any
endomorphism of the form A, with u € U(F,;) leaves the UHF subalgebra
Fq C Oy invariant, extends to endomorphisms of their weak closures M and N
(all denoted by the same symbol \,), and thus provides us with the subfactors

(1.2) Au(M) C M, Au(N) C N

These and related subfactors have been studied by several researchers, often
times with the aim of determining their indices [CP96, Ake97, 12u93].

Whereas general endomorphisms of Cuntz algebras have a very rich structure
with many different facets [CRS10, CS11], Yang-Baxter endomorphisms (that
is, v = R € R(d)) and their subfactors have more special properties. For
instance, as an additional structure present in the Yang-Baxter case there is
a von Neumann algebra L C N generated by the braid group representation
associated with R, and Ag restricts to the canonical endomorphism ¢ on Lg.
We will show that Lg is a factor, so that any R-matrix R provides us with yet
another subfactor

(1.3) ¢©(Lr) C Lp.

We are thus in a situation where to any R-matrix we may associate various
operator-algebraic structures, derived from their endomorphisms. On the one
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hand, these data provide interesting invariants of R-matrices (such as Jones
indices, commuting squares, fixed point algebras, etc.) that go beyond the
trivial spectral and dimension data of the R-matrix itself. On the other hand,
the analysis of Yang-Baxter endomorphisms contributes to the understanding
of endomorphisms of O, in general, which is an area in full swing on its own.

Since this is a long article, we now give a fairly detailed overview of its
contents and main results.

Section 2 introduces R-matrices, Cuntz algebras, and the associated von
Neumann algebras Lz € N C M in more detail. We recall in particular
that if one takes R to be one of the most basic R-matrices, namely the tensor
flip F', one obtains the canonical endomorphism ¢ = Ap € End Oy, acting as a
shift on the UHF subalgebra. Drawing on the interplay of Ag and ¢, we give
three different characterizations of the subset of Yang-Baxter endomorphisms
of End Oy (Prop. 2.3), two of which are due to Cuntz [Cun98] and one of us
[CHS12], respectively. A notable feature is that a Yang-Baxter endomorphism
is an automorphism if and only if R is a multiple of the identity (Cor. 2.5).

With the framework set up in this manner, we consider in Section 3 the three
towers of relative commutants of the subfactors (1.2) (for u = R € R(d)) and
(1.3). We give explicit characterizations of all three relative commutants. The
characterizations of the relative commutants of (1.2) rely strongly on results
from [CP96, Ake97, Lon94], but the characterization of the relative commutant
Lrn = ¢"(Lr)'NLk (Prop. 3.5) is new: We characterize it as an intersection of

Lr with a matrix algebra, and as the fixed point algebra of E?f”(R), reminiscent
of work of Gohm and Koéstler in noncommutative probability [GIK09].

The section concludes with a structural result on the algebras Lp,: For any
n € N, the diagrams

Fr o c N e"(N) Cc N
(1.4) U U U U
Lrn C Lpg ©"(Lr) C Lg

are commuting squares (Thm. 3.8), where F} is the subalgebra of F,; isomorphic
to End V®", This implies in particular that the left inverses of Az and ¢ coincide
on L, and is later used as a basic tool for computing braid group characters
and invariants for R.

Section 4 discusses three algebraic operations on the set of all R-matrices:
A tensor product, Wenzl’s cabling powers [Wen90], and a kind of direct sum.
We relate these operations on R-matrices R to operations on Yang-Baxter en-
domorphisms Ar: The tensor product of R-matrices turns out to correspond to
the tensor product of endomorphisms (on the level of the II; factor N') and the
cabling power R™ turns out to correspond to the n-fold power A% (again, on
the type II; factor). At the time of writing, our understanding of the “box sum”
RH S on the level of endomorphisms is still incomplete, but we show how it is
reflected in the relative commutant of Agmg.

In Section 5 we introduce three equivalence relations on R-matrices R, S €
R(d), each of which formalizes that one of their subfactors (1.2), (1.3) are
equivalent. Several different scenarios for these equivalences are discussed. The
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equivalence relation relating to the £g-subfactor (1.3), denoted ~, is taken from
[LPW19] and shown to exactly capture the braid group character defined by R.
We compare with the classification of involutive R-matrices in Section 5.1
and prove that equivalent R-matrices R ~ S have similar partial traces. In
this context, we also show that the left and right partial traces of an R-matrix
always coincide and are normal (Thm. 5.10), which provides direct information
on the R-matrices themselves.

Section 6: As a unital normal endomorphism of the type III factor M
with finite-dimensional relative commutant, a Yang-Baxter endomorphism can
be decomposed into finitely many irreducible endomorphisms of M, unique
up to inner automorphisms (i.e. as sectors in quantum field theory language)
[Lon89, Lon91]. The main difficulty is that the decomposition of a Yang-Baxter
endomorphism does typically not respect the Yang-Baxter equation, that is, its
irreducible components are no longer of Yang-Baxter form. Nonetheless, such a
decomposition provides information on the underlying R-matrix; for example we
find upper and lower bounds on the minimal and Jones indices of the subfactors
(1.2) in terms of spectral data of R and its partial trace (Cor. 6.2). Another
corollary is that an R-matrix whose eigenvalues are concentrated in a sufficiently
small disk around 1 is necessarily the identity (Cor. 6.5).

In Section 6.1, we present a reduction scheme that does respect the Yang-
Baxter structure and works directly on the level of the R-matrix by restricting
it to tensor product subspaces defined by projections in the relative commutant
Ar(M)' N M. This scheme is currently under control for the special class of
involutive R-matrices and sheds new light on the classification of involutive
R-matrices from the point of view of endomorphisms.

Section 7 is about fixed points of Yang-Baxter endomorphisms. Our first
result in this direction is that on the level of the type II factor N, the relative
commutant £% N A coincides with the fixed point algebra N*# (Prop. 7.1).
Moreover, Ag is ergodic as an endomorphism of M if and only if it is ergodic
in restriction to A (Prop. 7.3). This structure enables us to obtain a clear
picture of ergodicity and fixed point algebras for Yang-Baxter endomorphisms
which is not known for general elements of End O; or End M. In particular,
we give a complete characterization of ergodic Yang-Baxter endomorphisms in
Thm. 7.5 in terms of a condition that only involves the adjoint action of R on
End V. We also explain that ergodicity on the level of the C*-algebras Oy or Fy
is quite different from ergodicity on the level of the corresponding von Neumann
algebras M or N.

The article concludes in Section 8, devoted to an analysis of the family of all
R-matrices of dimension d = 2. Strengthening a theorem of Dye [Dye03] (build-
ing on Hietarinta’s classical [Hie93]), we show that R(2) is the disjoint union
of four families that could be called trivial R-matrices, diagonal R-matrices,
off-diagonal R-matrices, and a special case (see Thm. 8.1 for details). We then
use the results of the previous sections to analyse the properties of the corre-
sponding endomorphisms in detail. In particular, we discuss the special case, an
R-matrix that has appeared in various places in the literature (see, for example
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[CF00, FRWO06, RS87]), explain why it is special from the point of view of en-
domorphisms, and compute its (infinite-dimensional) fixed point algebra N %.

As mentioned before, we expect that the results in this article will be im-
portant for the classification of R-matrices, or a more detailed analysis of the
structure of R = Ugeny R(d), a topic that is not touched upon in the present
work. Another interesting aspect not covered is the C*-tensor category naturally
generated by an R-matrix, to which we hope to return in a future investigation.

2. R-MATRICES AND CUNTZ ALGEBRAS

The algebraic structures investigated in this article are all derived from uni-
tary solutions of the Yang-Baxter equation (YBE), which we will refer to as
R-matrices.

Definition 2.1. Let V be a finite dimensional Hilbert space. An R-matrix on
Viisaunitary R: V@V —V ®V such that

(2.1) (R®idy)(idy ®R)(R®1idy) = (idy ®R)(R ® idy)(idy ®R).

The dimension of R is defined as dim R := dim V. The set of all R-matrices on
Hilbert spaces of dimension d € N is denoted R(d), and the set of all R-matrices
(of any dimension) is denoted R.

Many examples of R-matrices exist, but the general structure of R is not
known. Very simple R-matrices that can be produced in any dimension are
multiples of the identity, R = ¢ - 1 (such R-matrices will be called trivial), and
multiples of the tensor flip, i.e. R = ¢ F, where Flv @ w) = w® v, v,w € V.
Here ¢ lies in T, the unit circle in the complex plane’.

As is well known and will be recalled later, any R € R defines representations
of the braid groups. However, this is by no means the only interesting algebraic
structure attached to an R-matrix, and in this article, we emphasize certain
endomorphisms and subfactors defined by R. To introduce these, we have to
recall some well-known facts about Cuntz algebras.

The Cuntz algebra Oy, d € N, is the unital C*-algebra generated by d isome-
tries Sy, ...,Sq such that S¥S; = §;;1 and 3¢, S;SF = 1 [Cun77]. Using stan-
dard notation for multi indices p = (p1,..., ), we set S, :== S, ---S,, and
refer to |u| := n as the length of p.

The subalgebra F} := span{S,S; : |u| = |v| = n} is naturally isomorphic to
the n-fold tensor power Mf " of the full matrix algebra® M,. In particular, we
may view R-matrices R € R(d) as elements of F? C O4. The norm closure of
the increasing family F7 C F7™ C ... is a UHF algebra of type d™ which we
denote Fy.

LA richer class of examples is presented in Def. 2.10
2We will suppress this isomorphism in our notation. For instance, the matrix units E;; €
M, are identified with the Cuntz algebra elements SiSJ’-‘ S .7-1}, and R € M, ® M, is identified

with R = Zij,k,lﬂ R}}S;S;S; Sy € F3, where Ry, = (e; @ ej, R(ex @ ¢;)) and {e;}¢, is the
standard basis of C%.
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An important feature of O, that we will rely on throughout is that its unitary
elements u € U(Oy) are in bijection with its (unital, injective) endomorphisms
A € End Oy [Cung0]. On generators, the endomorphism A, corresponding to
u € U(Qy) is defined by

A (S;) == uS;,
and every endomorphism of O, is of this form.

We can now introduce our central object of interest.

Definition 2.2. A Yang-Baxter endomorphism of O, is an endomorphism of
the form Ag, R € R(d).

An important example is the so-called canonical endomorphism ¢ = Ap
given by the flip F', which takes the explicit form ¢(z) = X%, S;zS;, © € O,.
This endomorphism satisfies S;z = p(z)S; for all z € Oy and i = 1,...,d, and
restricts to the one-sided shift  +— idy;, ®2 on the infinite tensor product UHF

algebra F; ~ My ® My ® ..., which indicates its relevance for R-matrices in
view of (2.1). In fact, the YBE takes the form
(2:2) Ro(R)R = o(R)Ro(R)

when R is viewed as an element of 7 C O,.

Without further mentioning, we will often use two basic consequences of the
definition of A\, (for general unitary u € U(O,4)) and ¢: The composition law

(2.3) Audy = )\Au(v)u, u,v e U(Od),

and an explicit formula for the action of A\, on F}: Given arbitrary unitary
u € U(Oy) and an integer n > 1, we define two elements of F; 1!,

(2.4) Uy = up(u)--- go”_l(u), U = gp”_l(u) ceeu = (ut,)”
and see that

(2.5) () = (ad uy,)(2) forx € F¥, n>k,

(2.6) () = nli_}rgo(ad up)(x) for x € Fy.

The latter limit exists in the norm topology of Oy [Cun98], and we note that
for u € Fy, the endomorphism A, leaves Fy, invariant, A,(Fy) C Fg.

We now recall some properties and characterizations of Yang-Baxter endo-
morphisms and add a new one.

Proposition 2.3. Let R € U(F2). The following conditions are equivalent:
a) R € R(d), namely Rp(R)R = ¢(R)Rp(R),
b) Ar(R) = ¢(R) [Cun9g],
c) R commutes with every element x € \%(04) [CHS12],
d) )\% - )\@(R)R'
Proof. The equivalence a) <= b) was shown in [Cun98], and a) <= ¢) was
shown in [CHS12]. To show a) <= d), note that one has for any R € U(F3)

A% = Ma(R)R = ARo(R)Ro(R)* R R = ARp(R)Re(R)* »

which coincides with Ayg) g if and only if Ro(R)Rp(R)* = ¢(R)R. This condi-
tion is clearly equivalent to the YBE as expressed in a). 0
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Remark 2.4. Characterization c) could be phrased as R € (A%, \%) in stan-
dard notation for intertwiner spaces for endomorphisms, which emphasizes
the similarity of our setup to algebraic quantum field theory and subfactors
[DHR71, Lon92, FRS89]. We reserve this notation for a von Neumann alge-
braic version introduced later on.

It is a natural question to ask whether Yang-Baxter endomorphisms can be
automorphisms, i.e. surjective. Whereas it is well known and easy to check
that for u € F}, the associated endomorphism )\, is an automorphism?®, with
inverse A\, = A, the problem to recognize which endomorphisms \, are auto-
morphisms is delicate in general [CS11]. For Yang-Baxter endomorphisms the
answer is however a straightforward consequence of Prop. 2.3 ¢) [CHS12].

Corollary 2.5. A Yang-Bazter endomorphism Ag is an automorphism if and
only if R is trivial.

Proof. If Ag is an automorphism, then so is A%, and hence \%(04) = O4. But
R commutes with \%(0y), and Oy has trivial center. Hence R is trivial. The
other direction is evident. 0J

With the help of the canonical endomorphism ¢, we may also conveniently
introduce the previously mentioned braid group representations associated with
R € R(d). Let B, = (by,...,b,_1) denote the braid group on n strands with
its standard Coxeter generators b;, and let B,, denote the infinite braid group,
namely the inductive limit of the family B, C B,y C .... Given R € R(d),
the multiplicative extension of

(2.7) prby) = " (R) e Fy™ C Fu,  keN,

is a group homomorphism pg : By, — U(Fy). We will frequently consider the
C*-algebra generated by pg, namely

(28) BR = C*{QOH(R) Tne N(]} C fd,
and the closely related C*-algebras
(2.9) Ap={z €04 : Mp(2) = p(z)}, AV = AxnF,.

Lemma 2.6. Let R € R(d) be an R-matriz and \g its corresponding Yang-
Bazter endomorphism.

a) Br C Ag), i.e.
(2.10) Ar(x) = p(2), x € Bg.

b) Ag restricts to an endomorphism of Fy, Aqg, AE{)), and Bg.
c) For any n € N, one has

(2.11) % = )\nR = )\PR(bn"'bl)7 n € N.

3These automorphisms are usually referred to as quasi-free automorphisms [Eva80].
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Proof. We first prove that Ag restricts to Ag, and to this end recall that for
general u € U(Oy), one has A\, o p = adwuo o \,. This implies that if z € Oy
satisfies Ag(x) = ¢(x), then
Ar(Ar(2)) = Ar(p(7)) = Ro(Ar(2))R*
= Rp(p(x))R* = ¢(p()) = (Ar(x)),

where the next to last step follows from the general fact that F} commutes with
©"(Oq).

This argument yields Ag(Ag) C Agr. As R € Fy, we also have A\r(Fy) C Fy

and therefore Ap(AY) c AW as well.

Regarding Bpg, the argument (2.12) can be used to prove \;(R) = ¢"(R) by
induction in n € N, the case n = 1 being settled by Prop. 2.3 b). This implies,
n € Np,

(2.12)

Ar(¢"(R)) = g™ (R) = ¢""H(R) = o(¢"(R)).
As By is generated by ¢"(R), n € Ny, we have shown both a) and b).
For ¢), we note that ,R = ¢" " '(R)--- R = pgr(b,---b;) by definition of ,R
and pg, and carry out another induction in n to show A% = A . @1,..,)- In fact,
)\%Jrl = )\R)\PR(bn"'bl) = )\)\R(Son—l(R)...R)R = )\cp"(R)mR = )\pR(bn+1"‘b1)‘ OJ

Remark 2.7. For general R, the algebra Apg is not contained in F,; (take R = F
with A = Oy as a counterexample). We also mention that our later results
will imply that in general, Ag’) is strictly larger than Bg. In the special case
R = F, the C*-algebra By has been shown in [DR87] to be equal to Oy,
namely the fixed point algebra of O, under the canonical action of U(d) by
quasi-free automorphisms.

Any R-matrix defines several C*-algebra inclusions, namely Ag(Oy) C Oy,
Ar(Fa) C Fa, Ar(Br) = ¢(Br) C Bg, etc. We now recall further structure
that will allow us to promote these inclusions to subfactors of von Neumann
algebras.

Trivial R-matrices R = d~%1, ¢t € R, define a 1fﬁ-periodic one-parameter
group of automorphisms o; := A\z-it; of Oy, and we define the spectral subspaces

(2.13) O ={xec Oy : oy(x) =d "z}, n € Z.

Sometimes it will be more convenient to work with a rescaled version of o,
namely the (2m)-periodic gauge action o := 0_y/10gq = Acit.

One has O = F,, and E° : Oy — Fy, E%(z) := L [37 au(x)dt is a condi-
tional expectation onto the UHF subalgebra.

Viewing F; as an infinite tensor product, we have the canonical normal nor-
malized trace state 7 : F; — C, and define w := 7 o E°. This is a KMS state
on Oy with modular group o, t € R, and we denote the von Neumann algebras
generated by its GNS representation (m,, H,, (2,) as

(2.14) M =7,(0,)", N = 7,(F)" € M.

It is well known that M is a factor of type III; ;4 and N is a factor of type II;.
We will use the same symbols w, 7 and E : M — N [Haa89] to denote the
extensions of these maps to the weak closures M and N.
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For our purposes, it is important to note that for any v € F; (and in par-
ticular, for any R-matrix), the corresponding endomorphism \, extends to a
normal endomorphism of M leaving w invariant [Lon94]. Also here, we will use
the same symbol for the extension.

To complete the picture, we also introduce the von Neumann algebra Lz
generated by the C*-algebra By corresponding to some R-matrix R € R, i.e.

(2.15) Lr:= 7Tw(63>” cN cM.
As an immediate consequence of (2.10), we observe

(2.16) Arler = @leg-

Further structural elements relevant for our analysis are conditional expecta-
tions and left inverses. Because A\g commutes with the modular group, Take-
saki’s theorem provides us with a unique w-preserving conditional expectation
Er: M — Ag(M), which is faithful and normal and has the form

(217) ER:)\RO¢R

with ¢r the corresponding w-preserving left inverse of A\g. Recall that ¢p :
M — M is a completely positive normal linear map that satisfies

(2.18) Pr(AR(2)YAR(2)) = 29r(Y)z, z,y,z € M.
These properties of ¢x and the limit formula (2.6) imply
(2.19) ¢r(z) = wlim R,z Ry, reN.

As R, € Lr C N, this yields in particular
(2.20) or(N) =N, ¢r(Lr) = Lg.

The left inverse ¢ is usually difficult to evaluate explicitly. However, in the
case of the flip R = F, one finds ¢p(z) = 3 X7, S;xSk, © € M, which restricts
to the normalized partial trace on the first tensor factor on N = My @ My ® .. .,
namely
(221) ¢F(a1®a2®a3...):T(al)-a2®a3®..., a; € M,.

We summarize these structures in the following proposition in terms of com-
muting squares of von Neumann algebras [GdIHJ89].

Proposition 2.8. Let R € R(d) and consider the diagram

)\R(M) c M

U U

(2.22) MN) € N
U U

gO(ﬁR) C ,CR.

a) All von Neumann algebras in the diagram are hyperfinite factors. M,
Ar(M) are of type III /4 and N, \g(N') are of type IL. If R is non-
trivial, Lr, o(Lr) are of type 11, as well.

b) Both squares in the diagram are commuting squares.
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Proof. a) All we need to show is that Lp is a factor. Solet x € LgN LY. Then
commutes with R,, € L for all n € N, and we have Ag(z) = lim,(ad R,,)(x) = x.
But since Ag restricts to ¢ on Lg, we get p(z) = Ag(x) = z. The canonical
endomorphism ¢ is well known to have only trivial fixed points, hence x € C1.

b) By Takesaki’s theorem, the conditional expectation Er : M — Ag(M)
commutes with the modular group. This implies that Er(N) C N NAg(M) =
Ar(N), i.e. the upper square in the diagram is a commuting square.

Recall that for x € N, we have ¢r(z) = w-lim,, (ad R,*)(x). As R, € L, this
directly gives invariance of Lz under ¢g, and therefore Er(Lr) C Ar(Lr) =
©(Lg). This shows that the lower square in (2.22) is a commuting square. [

Remark 2.9. As just demonstrated, any R-matrix provides us with (at least)
three subfactors. Let us point out that the M- and N-subfactors contain only
partial information about R as an R-matrix. For example, let R = F' be the
flip, v € U(F)) non-trivial, and a := A\, € Aut M. Then Ara = \g with
S = ¢(u)F. Diagonalizing u, it is easy to see that S is a diagonal R-matrix (cf.
Def. 2.10 b)). Moreover, A\r and o commute, and therefore A% (M) = ANE(M),
AL(N) = A&(WN) for all n € N. But despite R and S defining identical M-
and N -subfactors, they are quite different from each other as R-matrices, for
instance R? = 1 and S? # 1.

On the other hand, the subfactors generated by the braid group representa-
tions, ¢(Lr) C Lr and ¢(Ls) C Lg, differ in this example. For instance, we
will see later that the first one is irreducible but the second one is not.

It is a natural question to ask what the indices of the subfactors in (2.22)
are. Adopting standard notation, we will write Indg,(Ag) for the index of
Ar(M) C M taken w.r.t. the w-invariant conditional expectation, Ind(Ag) for
the minimal index of Agp(M) C M [Kos86, Hia88, Lon89], and [N : Agr(N)],
[Lr : p(Lg)] for the Jones indices [Jon83] of the type II; subfactors Ag(N) C N,
©(LR) C Lg, respectively.

Independently of the Yang-Baxter equation, it is known that Indg,(Ar) =
N 2 Ar(N)] < @ [Long9, CPY6], and the preceding commuting squares result
implies [Lg : p(Lg)] < [N : Ag(N)] by a Pimsner-Popa inequality [PP86]. We
thus have

(2.23) [Lr:o(Lr)] < [N : Ag(N)] = Indg, (M) < d* < oco.
New results on indices will be presented in Section 6.

We close this section by presenting a large family of R-matrices that can be
built with the flip and partitions of unity.

Definition and Lemma 2.10.
a) Let {p;}}¥, be a partition of unity in Fy, i.e. the p; are orthogonal pro-
jections in Fj such that p;p; = 0&;ijp; and Zfilpi = 1. Let ¢; € T,
i,7 €{1,...,N}, be arbitrary parameters. Then

N N

(2.24) R:=> cipip(p) + > cijpip(p))F
i1 ij=1
i#£]

is an R-matriz. Such R-matrices will be referred to as simple.
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b) If R € R(d) is a simple R-matriz with only one-dimensional projections,
i.e. T(p;) = 1/d for all i, then there exists a unitary u € U(F;) such that
pi = uS;Sfu*, and

(2.25) R = \,(DF), D = Z ¢i; 535553 Sy

i,j=1
Such R-matrices will be referred to as diagonal.

Proof. a) It is clear that (2.24) defines a unitary in F2. The verification of the
Yang-Baxter equation (2.2) is a tedious but straightforward calculation that we
omit here. In Section 4.3 we will see a more conceptual argument for R € R(d).

b) The statement about the existence of u such that p; = uS;Sfu* = A\, (S;S})
is clear, and we then also have ¢(p;) = A, (¢(5;Sf)). We have to verify that
(2.24) simplifies to (2.25) if all p; are one-dimensional. To this end, note that
M(F) = F and S;SF(S;S1)F = S;SF¢(5;SF). We get

R= Zc“ (SiS;p(SiSH)F) + > cijhu(SiSip(S;57)F)
i#]
_Zcm (SiS;0(S;S)F) = Mu(DF),

as claimed. O

We will frequently use simple R-matrices as examples. Note that trivial R-
matrices are simple (choose N = 1, p; = 1) and the flip is diagonal (choose
N =d, p; = 8;5f, ¢;j = 1 for all i,j). The term “simple” should not be
understood in a mathematical sense — in fact, all non-trivial simple R-matrices
define reducible endomorphisms and can be decomposed into smaller R-matrices,
as we shall explain later. There exist (more interesting) R-matrices that are not
simple.

3. TOWERS OF ALGEBRAS ASSOCIATED WITH R-MATRICES

Having established the basic subfactors associated with R-matrices, we now
turn to their analysis, in particular of their relative commutants. As the basis of
our following arguments, we recall some known facts about relative commutants
of localized endomorphisms (i.e., endomorphisms of the form \,, u € Fy) of
Cuntz algebras.

For any two endomorphisms A, i of M, we write

M\ p):={T eM : TXz)=pulx)T Vze M}

for the space of intertwiners from A to p. In particular, (A, \) = A(M) N M is
the relative commutant of A\(M) C M.
For an arbitrary unitary u € U(Oy), one has [Lon94, Prop. 2.5]

(3.1) A, M) = {z €M 1 9(x) = uzu} = M2,
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If, more specifically, u € U(F}) for some n € N, one furthermore has [CP9I6,
Prop. 4.2]

n—2
(3.2) Q) = P Oy M),
k=—n+2
n— n—1+k
(33) ()\u )\u)(k) C (90 1)90 1+ ) k > O.
’ ((pn—l—k’ (pn—l) k<0
From this we see in particular
(3.4) (Aus /\U)(O) = )‘u(M)/ NN C (Spn_lv ‘Pn_l) = ‘Fg_la
(3.5) (A, M) C FJy u€U(FD),

and note that (3.5) occurs in particular for R-matrices u = R € U(F3).
Having recalled these facts, we now turn to study the subfactors given by Ar
and introduce their relative commutants, n € Ny,

MR,n = )\%(M)I N M, NR,n = )\%(N)l ﬂ/\/, ‘CR,n = gOn(ER)/ N ER.

Thus Mg, = (A%, \%), but we prefer the notation Mg, in order to distinguish
the three different levels of relative commutants Mg, Ngn, Lrn.
We clearly have three ascending towers of algebras:
C= MR,() C MR,l C ... C MR,n C MR,n+1 c..c M
(36) C= NR,O C NRJ C ... C NR,n C NR,n—l—l c..c N
C= »CR,O C ,CRJ C ... C £R,n C ‘CR,n-‘rl C .. C Lp
In the following, we will derive various relations/inclusions between these
algebras, and realise them as fixed point algebras for certain endomorphisms.
In particular, it is not clear from the outset if there are inclusions one way or
the other between Mg, Nrn, Lran.
We begin with the relative commutants at the highest level, i.e. the Mp,,.

Proposition 3.1. Let R € R(d) and n € N. Then
n—1
(37> MR,n — Maanogo _ @ (M(k))aano<p7
k=—n+1
(38) Mgy = Xg(M)' NN = (Fg) = {z € Ff + p(x) = Ap(0)}
and in particular forn =1,

(3.9) Mpi = M(}S,)l ={r € F; : o(x) = R*2R}.

Proof. Recall that A%, = A\ g (2.11) and ,R = ¢""Y(R)---¢(R)R € F;**. Then
the two equalities in the first line immediately follow from (3.1) and (3.2).

In the second line, the first equality is the definition of Mﬁgfn and the second
equality follows by combining (3.1) with (3.4) and ,R € Fj™'. To get the last
equality, note that for z € Fy,

Ap<(x) = ad(R"),(z) = ad(,R)*(x),

and therefore x € (F7)2nf°¢ is equivalent to z € F7 with p(x) = ad(,R)*(z) =
Ar+(x). The special case n = 1 now follows from the previous statements. [
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As an example, we determine the structure of Mg for a class of simple
R-matrices.

Proposition 3.2. Let R be a simple R-matriz (Def. 2.10 a)) with projections
p1,...,pn € Fyi and parameters c¢;j, i,j € {1,...,N}, such that ¢;; = 1 for
1 # j. Define
m:=|{ie{l,...,N} : 7(p;) = 1/d, ¢;; = 1}].
Then
(3.10) Mpr1=2Cao...0CaM,,.
—_———

N—m terms

Proof. Let x € F;. We claim that x € Mg is equivalent to z satisfying the
following two conditions:

a) p;xp; € Cp; for all 4.
b) Let i # j. If 7(p;) > d~ " or 7(p;) > d ' or ¢;; # 1 or ¢;; # 1, then
pixp; = 0.
To verify this, we first calculate from the definition of R (2.24)
y = (adRog)(x) -z

= pr(pixpi) + > cupip(pizp;) F + > eapjapip(pi) F

i#j i#£]j
- Zpil’pi@@(i%) - ijxpi¢(pi) - sz‘xpj@(pi)-
i i#j i#j

Vanishing of y is equivalent to z € Mp;. We observe that if y = 0, then for
any 4

0 = pip(pi)ypip(pi) = pig(pizp;) — Pixpie(pi).

Thus € Mg, implies condition a).
We next consider i # j. If y = 0, then

0 = pip(pi)ypie(pi) = cii pip(pixp; ) F — pixpjo(pi),
0 = pjp(pi)ypie(pi) = i pjapip(pi) E — piapie(p:).

It follows that if either p; or p; has dimension greater than 1, then p;xp; = 0.
Furthermore, if p; and p; are one-dimensional (i.e. 7(p;) = 7(p;) = 1/d) and
c;ii # 1 or ¢;; # 1, then p;xp; = 0. That is, x € Mp; implies condition b).

Conversely, if a) and b) hold, it is easy to check that the above sum vanishes
(term 1 cancels term 4, term 2 cancels term 6, and term 3 cancels term 5). Thus
r € Mg, is equivalent to x satisfying a) and b).

With I :={i e {l,....N} : 7(p;) =1/d, ¢;; = 1} and p := Y ;c; p;, we then
have x € Mg, if and only if z is of the form

T = a;p; + prp, a; € C.
igl

As [I| =mand |{1,..., N}\I| = N —m this gives the claimed result. O
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We see from this result that the R-matrices considered are all reducible in
the sense that Mp; # C; unless R € C (N =1).

In [CRS10, Prop. 2.3], it was shown that for a unitary u € U(Oy), one has
M (F2)'NO4 = Nyen(ad uop)™(O,4). We now present a variation of this argument
which is also stated in [Ake97] to characterize the relative commutants Ng,,. As
[Ake97] is not published, we give most details of the proof.

Proposition 3.3. Let R € R(d) and n € N. Then
(3.11) Nin = [ (ad,Ro @) (Fy)

k>0

is the largest subalgebra of F} that is globally stable under ad,,Ro . In partic-
ular,

(3.12) Mgg)n C NR,na n €N, MRJ C NRJ C f;

Proof. The *-algebra Ugey F7 is weakly dense in /. This implies that an ele-
ment z € ' commutes with A\ z(N) if and only if

0=[z,Xr(¥)] = [z, WR)sy(» R)}] VkeN,y € F}
— 0= [(R)px(nR)k, Y] Vk e Ny € .7:5
— (WR)iz(wR)r € NN (FH) = o"(Fy) Vk € N
= z € (ad(,R) 0 o) (N) = (ad , R 0 ©)F(N) Vk € N.

This proves Nz, = Nien(ad R 0 ©)¥(N). We next show N, C F}, following
[Ake97, Thm. 3.16]. Namely, we consider the isometry 7" on L*(N) that is
defined by continuous extension of N' > x — ,Rp(x)(,R)* € N. Then T
restricts to a unitary on K := Mz T*L*(N) D Ng, and we have to show
IC C Fj. This follows by taking into account that for x € FJ*, m € N, one has
T*x = (¢proad(,R)*)*(x) € F} for k > m, and the finite dimensionality of F}
[Ake97, Lemma 3.15].
Having established Ny, C F, we get together with the previous result

Niyn = () (ad,Ro OFNYNFr = ) (ad(»R)x o O ) (N) N F.
keN keN
But inserting the definitions, one sees (,R)x € F;*. Thus (,R)r"(z)(nR); =
y for some y € F} and x € N implies x € F}. That is, (ad(,,R)ro®)(N)NF} =
(ad(,R)x 0 ") (F7), and we arrive at the claimed formula (3.11).

To also get the characterization of Nz, as the largest subalgebra of F} glob-
ally invariant under 7' = ad , R o ¢, it remains to show T'(Ng,) = Ng,. Note
that since F7 is finite-dimensional, the sequence N, T*(F?) stabilizes, i.e.
there exists mg € N such that Ng,, = N, T*(F?) for all m > mg. Thus

mo—+1
T(Ngrn) = ﬂ T F) D ﬂ TH(F7) ﬂ TH(F?) = N,
k=0
i.e. the finite-dimensional space Ny, is contained in its image under 7. This

implies T(Ng,) = Nga
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From this characterization of Ng,, it is now obvious that it contains the fixed
points (FH)T = Mg)n. In the special case n = 1, we have Mg, = Mg?l by
(3.9). O

Remark 3.4. Let us give an example showing that in general, Mp; # Ng ;. For
later use, we actually give two similar examples, both based on the flip F' and
a unitary u € F;, namely

R :=uF, = uFu" = up(u”)F.

Both R and S are R-matrices, as can be checked by direct verification of the
Yang-Baxter equation, or by realizing that they are diagonal (Def. 2.10). For
r € F}, we have

(ad Ro p)(z) = RFxFR" = uzu®,

(ad S op)(r) = SFrFS* = up(u®)rp(u)u” = uru®.
Thus F; is globally invariant under ad Ro ¢ and ad S o ¢, and therefore Np | =
Ns1 = F}. But for u € C, the above formula shows that not every x € F} is

a fixed point of ad Ro p or ad S o ¢ ie. Mp1 = Mg, is a proper subalgebra
of F.

We now move on to the relative commutants Lr, on the level of the von
Neumann algebra Lg generated by the B,-representation pg. In this represen-
tation, R represents the first generator b; € B..; in particular, Lgr = Lg-«.

The following proposition contains in particular the fixed point characteriza-

tion Lp, = E;\{’n(m which is similar to the work of Gohm and Koéstler [GK09],
where analogues of A,n(p) are called “partial shifts”.

Proposition 3.5. Let R € R(d) and n € Ny. Then

a) Lpn = Fy N Ly = E;\fn(m = Mg, N Lg, and all these algebras are
invariant under exchanging R and R*.

b) C*(pR(Bn)) - LR,n; n>1.

Proof. a) We will demonstrate the inclusions

() neg (i) (iii) (iv)
LrnC LY ™ C MpenN Ly C FIOLE C Lpn.

Note the appearance of R* instead of R in the third algebra. Nonetheless, this

chain of inclusions implies the claimed equalities because we have Lr = Ly~

and may thus run through the chain of inclusions once more with R and R*

interchanged, realizing that all algebras are invariant under replacing R with R*.
To begin with, we note that Ayn(g)(z), z € N, can be written as

Apr(ry () = lim @"(R) -+ " (R)xg" ™ (R") -+ " (R")
=" (RY) - R Ar(@)R- " (R)
= (RO Nr(2)n(RY)".

It is apparent from the first line that any x € ¢™(Lg)" is a fixed point of Agn(g),
i.e. we have inclusion (i).
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Any z € Lg satisfies Ag(x) = ¢(x), and thus the above calculation yields
E;“MR) C{relr:az=(ad,(R)op)(x)} = MpnN Lg,

where we have used Prop. 3.1. This shows the inclusion (ii).

As Lr C N, we also have Mp- ,NLp = MELQQWOER C F}NLg by Prop. 3.1,
showing inclusion (iii). Inclusion (iv) is evident because F and ¢™(Lg) com-
mute in N.

b) By definition of pg, we have C*(pr(B,)) C F} N Lr = Lrn. O

Having clarified some of the relations of the relative commutants, in particular
(3.13) Lrn C MR CNpnCFi,  neN,
we comment on the action of A\g and ¢r on these three towers.
Lemma 3.6. Let R € R(d) and n € Ny. Then

(3.14)  Ap(Mpgn) C Mrpt1, ArWNrn) CNrpr1, Ar(Lrn) C Lrnti,
(3.15)  drMpnt1) = Mrn, rWNrni1) =Ngn, Or(Lrnt1) = Lin,

and

(3.16) R€ Lrs C MWy C MpaNNgs,
(317) qu(R) & »CR,l C MRJ C NRJ.

Proof. Since Mg, = (A%, \), we clearly have Ap(Mpg,,) C Mpg,11, and since
Ar preserves the subalgebras N and Lz of M, we also have the other inclusions
in (3.14). Applying the left inverse ¢g then gives Mg, C ¢r(Mpgni1), ete.
Taking into account that ¢r preserves N and Lr (2.20), and its bimodule
property (2.18), we even get the equalities (3.15).

By Prop. 2.3 ¢), we have R € Mpg,. Since R € Lg, (3.16) follows. The
second equality (3.17) is then a consequence of ¢pr(Lr2) C Lp. O

We can now conclude that the inclusion C*(pr(B,,)) C Lg, in Prop. 3.5 b)
is proper in general. For example, for n = 1 the group B, is trivial, i.e.
C*(pr(B1)) = C, but L contains ¢r(R) which is non-trivial in general.

As an aside, we mention that it frequently happens that the braid group
representations pgr|p, factor through a finite quotient of B,, [GR14]. The most
prominent example of such a quotient is the symmetric group 5,,; note that pg
factors through the symmetric groups if and only if R is involutive, i.e. R* = 1.
We record the following characterization of R-matrices with trivial square.

Lemma 3.7.

a) Let u € U(Oy). Then u* € C if and only if u € (A, Ap(u))-
b) Let R € R(d). Then the following conditions are equivalent:
o R?2cC;
e R ¢ (AR,)\@(R)),‘

e \p and Ap+ commute.
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Proof. a) One has ad(u)\, = Ay2p(u)+, S0 that it coincides with A, if and only
if u?p(u)* = p(u), i.e. u*> = p(u?). However, it is well known that ¢ admits no
nontrivial fixed points.

b) We have Ag o Agp- = Ayre)r and Ag- 0 A = Ay(r)r+, hence the two
endomorphisms commute if and only if R? = ¢(R?). Since ¢ has only trivial
fixed points, the conclusion follows. O

Our main results concerning the relative positions of the subalgebras ¢™(Lg)
and Lg,, in N are contained in the following theorem. The 7-preserving condi-
tional expectation N' — F7 will be denoted E,,.

Theorem 3.8. Let R € R and n € N. Then the squares

Fr o c N e"(N) C N
(3.18) U U U U
Lrn C Lpg ©"(Lr) C Lg

commute, i.e. E,(Lr) = Lrn and ¢pr(x) = ¢p(z), v € Lg.

The proof splits naturally into two parts, one for each diagram. The proof of
the first part (left diagram) is given below. The proof of the second part (right
diagram) requires more work and is best done after more structure has been
introduced. It is therefore postponed to Section 5 (p. 28).

Proof (first half). Let Hpg, denote the 7-preserving conditional expectation
of N*"@ C N. As Lr C N is invariant under Ayn(g) by Prop. 3.5, the
map Hpg, restricts to the T-preserving conditional expectation from Lp onto
LA = Lp, = F3 N Lg.

Given = € L, we want to show that Hp,(x) coincides with E,,(x). Indeed,
both Hg,(z) and E,(x) lie in F}, so we only have to show 7(yHpn(x)) =
T(yE,(x)) for all y € F}. But F} is clearly contained in the fixed point algebra
N2 Thus, for € Lg, y € FF,

T(YHrn(2)) = T(Hrn(yz)) = 7(y2) = 7(En(yz)) = 7(yEn(2))-

This shows E,(z) = Hgrn,(r) € Lg,, which is equivalent to the left diagram
being a commuting square. 0

So far, we have concentrated on the “horizontal inclusions” in (3.6) and not
mentioned Lr C N, Lr C M. These “vertical inclusions” are closely connected
to fixed points of A\g and will be discussed in Section 7.

4. ALGEBRAIC OPERATIONS ON R

Although the structure of the set R(d) of all R-matrices of dimension d is
not known, a number of symmetries of R(d) are known. For example, R — R*,
R—c- R ceT,R— (u®u)R(u®u)*, ueU(F)), and R — FRF with the
flip F' € R(d), are all bijections* R(d) — R(d).

However, it is often more interesting to consider algebraic operations that
exist only on R = J; R(d) and do not preserve the spaces R(d) of R-matrices

4The maps R — (u®u)R(u ® u)* and R — FRF will be discussed in more detail in
Section 5.
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of fixed dimension d. In this section, we will discuss three such structures: A
tensor product R X S (with dim(R X S) = dim R - dim .S), Wenzl’s cabling
powers R™ (with dim(R™) = (dim R)"), and a sum operation R # S (with
dim(RHES) = dim R + dim S).

On the level of R-matrices, all these operations are known. What is new in
our approach is that we relate them to natural operations on the corresponding
Yang-Baxter endomorphisms.

In the following, the dimension d will be explicitly indicated in our notation,
i.e. we write Ny for the infinite tensor product of matrix algebras My, and 74,
(g4 for its canonical trace and shift, F; € U(F3) for the flip in dimension d, etc.

4.1. Tensor products of R-matrices. Let R € R(d) C End(C? @ C?), Re
R(d) € End(C?® C?) be R-matrices. The tensor product of R, R is defined as

(4.1) RX R := Fy(R® R)Fy; € End((C* ® CY) ® (C* ® CY)),

where Fbs : CleClgCleCd - CleCleCIQCY is the flip unitary exchanging
the two middle factors. Evidently R X R is a unitary R-matrix of dimension
dd,i.e. RX R € R(dd). We will refer to R R as the tensor product of R and
R (although it slightly differs from the actual tensor product R ® R) It is also
clear that (R R)* = R* K R*, and that if both R and R are involutive, then
sois RX R.

From the point of view of the Cuntz algebras, we may consider R € F3,
S e ]-"3 and RNR € J:jd" The following discussion will allow us to get a precise
relation between the associated subfactors.

Let Oq and O be Cuntz algebras with canonical generators 5;, 1 < ¢ < d and
Sj, 1<j<d, respectively. Namely, all the S;’s and S s are isometries such that
195 =1, Z SS* =1, and Og = C*(Sy,...,54), Oy = C*(Sy,...,85;).
The tensor product C* algebra 04 ® Oj is generated by the elements S;®1 and
1®Sj, 1<i<d,1<j<d? In general, 04 ® Oj is not a Cuntz algebra.’
Consider also the Cuntz algebra O, with canonical generating isometries
Uj, 1 <i<d1<j< d such that > UiUj; = 1. Since, for every 1 <
1 < dand 1 < j < cZ, S; ® SJ is an 1sometry in Oy ® O; and, moreover,
i 5 ® gj(Si ® S‘J)* - (Zi SZ-SZ-*> ® (Zj Sjgj) = 1® 1, there is an injective

x-homomorphism
(4.2) Lad O — 020y

such that ¢, 3(Us;) = S; ® S;.

In order to simplify the notation, in the sequel we will often drop the symbol
tq4 and identify accordingly U;; with S; ® Sj. All in all, we have thus identified
a copy of O,; inside Oy ® Oj, as the C*-subalgebra of the tensor product
generated by the isometries S; ® gj. Moreover, it is not difficult to see that

5Since Oy is nuclear there is no ambiguity on the choice of the cross-norm on the algebraic
tensor product.

SHowever, it is well known that Oy @ Oy ~ Os, for all d > 2, although none of these
isomorphisms has been concretely exhibited.
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0,7 = (04 @ O3)°, where 3 denotes the 2r-periodic “twisted” R-action ! :=
ol ® adft = Aeit1, ® )\e—itld[(jh?llil, Morl7], and there exists a faithful conditional
expectation O, ® O7 — O, ; obtained by averaging 3.

Under the identification of O,; with (O ® Oj)P, there are coherent identifi-
cations of F7; with 7 @ F7, n € N, such that

* * *
UisjrUiajo * - - Ui 3o Uir o -+ Uiy 3, Ui

ings " Yibit Vil
= (S, ® 8;,)(S5, © 8j,) -+ (i, © 85,) (S, ® 85"+ + (S, ® )" (S ® Sjr)*
= (S5, Siy -+ S, S5 -+ S5.55) © (55,8, -+ 5,55, -+ 5355,

and thus of F,; = 047 with F; @ F; = O3* @ O3

For the following lemma, the Yang-Baxter equation is not needed.
Lemma 4.1.

a) Let R € U(Oy) and R € U(Oy3). Then Ag @ \j € End(Oq ® Oy) restricts

to an endomorphism of O, if and only if R € Fy and R € F.
b) Let R € U(F}), R € U(FZ). Then 1y f(RKR)=R® R, and

(4.3) (AR ® Ag)lo,; = A\rra-
Proof. a) On generators, the endomorphism Ap ® Az € End(O4 ® Oy ) acts
according to (Ar ® Ag)(S; ® 5;) = (R®@ R)(S; ® ;) for all 4, j. Thus Ag ® A
restricts to Oy, that is (Ar @ Az)(Oyq) C Oy, precisely when R®@ R € Oy, i.e.
precisely when oj(R) ® a7'(R) = R® R for all t € R. This latter condition is
satisfied if and only if both R and R are eigenvectors for ag and o, respectively,
ie. Re O Re (’)g") for some n € Z. But this is easily seen to be in conflict
with the KMS condition for w if n # 0. Thus R € O((io) =Fu4 R € O‘(io) = Fy

b) Note that the matrix elements of R X R are (RX R)Ei,?)((gg)) = R%B Ry,
where «, 3,7,0 € {1,...,d} and 4,5, k,l € {1,...,d}. Thus

RRR =" R RUUsUUS,
= N R RGS.S5S5S: © 8,8;5; Sy = RO R,

and the calculation in a) shows (Ar @ Az)lo,; = Apxi- O

Let us look at two special cases, the identity 14 € O, and the flip F; € Oy.
Then 1, X 1; = 1,; and Fy X F; = F,;. For the canonical 27-periodic actions
of R, this implies that Acity, ® A1, € Aut(Ogq ® Oy) restricts to Az . on Oy,
and for the canonical shifts, this implies that ¢4 ® ¢; restricts to ¢ ;. Indeed,
for all 7 and j,

ai(Si® 8j) = >_(Sy ® 8)(Si ® 5)(Sv ® Sy)”
Z‘/7j/

= (Z Sz/SZS:/) & (Z gj’gjg;/) = (Pd(Si) ® @J(Sj)‘
4 7

Notice that the index of p4(Ny) C Ny is d?, so that in this example we see im-
mediately that the index of the endomorphism associated to the tensor product
F;X Fj; is the product of the indices of the endomorphisms given by Fj and Fj;.
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This is an instance of a general fact. Since F; is identified with F; ® F, the
same holds on the level of the weak closures, and

(4.4) AripWNVag) = Ar ® Ag)(Na @ Nj) = Ar(Na) @ Az(N).

From here we readily get the multiplicativity of the Jones index under the tensor
product.

Theorem 4.2. Let R € U(F3), R € U(F?2). Then the Jones indices of the type
II, subfactors associated to R, R and RX R are related by
(4.5) WNad : ArmrNaa)] = Wa = ArNa)] - NG = Ap(NG)] -

Since this result applies in particular to R-matrices, we see that the subset
of the positive real line R, of all Jones indices arising from unitary solutions of
the YBE (in any dimension) is closed under taking ordinary products.

Concerning the relative commutants associated to the tensor product, we
record the following result.

Proposition 4.3. Let R € R(d), R € R(d). Then

(4-6> MR,l ® MR,l - MR&R,I - NRR,1 = NR,l ®NR,1 .

Proof. On the one hand,

Mpri@Mpy ={z € Fj + Ap-(2) = pa(@)} @ {y € Fj + Ape(y) = 0a(y)}

C{T e Fi®F; « (A @A )(T) = (va @ ) (1)}
={T'e falz(i : )‘(RIXR)*(T) = (1)}
= MR&R,l-

On the other hand,

Mpgii € Npgp, =T € Fui o [T Apmp(@)] =0, € Fyy }
={TeF,0F; : [T,Ar®A)(x)] =0, z € F; @ Fz}
= (A(FD) @ Ae(FD) N (Fi @ FY)
= (ArN @ \(NY)) N (Fi @ Fy)
= Nr1 @Ng,.
O

4.2. Cabling powers of R-matrices. The second algebraic operation on R
that we want to discuss are cabling powers [RS89, Wen90]. Given d,n € N,
we define “cabling maps” between type II;-factors, ¢, : Ny — Nyn, such that
Cn (@M My) = Q% Myn for all m > 1, by linear and weakly continuous exten-
sion from algebraic tensor products,

nm n 2n nm
i=1 i=1 i=n+1 i=(m—1)n+1

It follows that ¢, is an isomorphism with the properties

(1) =1 Tgn O Cp = T4 Pdn © Cp = Cp © P, co(Fimy =Fk  keN.
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To define the n-th cabling power of R € R(d), we also introduce

By = (nR)n
=R 0" (R)
=" H(R) - R-@"(R) - p(R) -+ o™ (R) - 9" }(R)
= n(Rn>

Note that ,, R, is a unitary in F7" which satisfies (,R,)* = ,(R*),. For low n,
we have |R; = R and 3Ry = ¢(R)Rp*(R)p(R). A graphical illustration of 3R3

is given in Fig. 1.
X P (R)
/ / W(R) WS(R)
/ / R 992(R) %‘74(R)
p o(R) ©*(R)
e A

FIGURE 1. Mlustration of 3R3 = ¢*(R)p(R)R - p3(R)p*(R)p(R) - ¢*(R)¢*(R)p?(R)
Wenzl’s cabling powers of an R-matrix take in our setting the following form.

Definition 4.4. Let R € R(d) and n € N. The n-th cabling power of R is

(4.8) R™ = ¢, (nRy) € U(FF)

R™ is an R-matriz in R(d"), and (R™)* = (R*)™.

The proof that R™ € R(d") can be found in [Wen90].

We now show that at least on the level of the type II factor A/, cabling powers
of R-matrices correspond to ordinary powers of their corresponding Yang-Baxter
endomorphisms.

Proposition 4.5. Let R € R(d) and n € N. Then

(4.9) (e A pmen) () = Ni(2), r € Ng.
In particular,
(410) [Ndn . )\R(n) (Ndn)] = [Nd . )\R(Nd>]n

Proof. We calculate, k € N,

e (R™)) = ' (R™) -+ gk (RM))
= Ry @5 Ra) - i "V (W R
=R @ GR) - " (WR) - 0 T GR) - "V GR) 0T (WR)
= (o) n-

Hence, for any = € N,

(e A (@) = lim ad e (R),) (2)
= Jim ad(R)ui)(2) = A, n(2) = Np(2).

As all the subfactors A&t (N) € A&(N), k € Ny, are isomorphic, this implies
the index formula (4.10). O
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Remark 4.6. Let R ¢ C be non-trivial, and recall that A}, is reducible for n > 2
in the sense that Mg, # C; namely R € Mgy C Nga. Thus Prop. 4.5
immediately implies that Agwm is reducible as an endomorphism of Ny.. This
remains true on the level of the III; 4-factor because ¢,(R) € Mg ;.

Our two elementary standard examples, the identity and the flip, reproduce
themselves under taking cabling powers, i.e. 17V = 14 and F\" = F,.. For
later reference, we note that this implies in particular

(4.11) i = Apey € End Ny, Gpm) = Cpo Ppoc, .

4.3. Sums of R-matrices. The third operation on R that we want to discuss
is additive on dimension. Given R € R(d), R € R(d), we define RBR €

End((C? & C%) @ (C% & C%)) by [LPW19]

(4.12) RBR=R®R®F on
ClaChe(CaCh)=(C'eC) e (C?aChae (CeCh) e (CeCh).
In other words, R R acts as R on C¢® C%, as R on Cl® {C‘z, and as the flip

on the mixed tensors involving factors from both, C? and C?.

If R, R are R-matrices, then so is RE R [LPW19]. We also mention that we
clearly have (RE R)* = R*H R*, and F;H F; = F, ;. The identity is however
not preserved under this sum. For example, we have 1, H1; = F3.

Given R € R(d), R € R(d), we get an endomorphism Apgz € End(Oy, ).

We currently have no detailed picture of Apgz. However, it is clear that Apgp
is always reducible, as follows from the following result.

Proposition 4.7. Let R € R(d), R € R(d). Then
(413) MR,l @ MR,I C MRBHR,I;

in particular Apgp s always reducible. The inclusion (4.13) is proper in general.
We also have

N d 3
(4.14) Ppmp(REB R) = d+d or(R) & d+d Pr(R).

Proof. Let © € Mgy C Fjand & € Mp, C Fj, ie. RzR = @q(z) and
R*#R = @y(#). We may view Fj.q as End(C? @ C7), and define p := 1 @0,
pt:=1—p=0®1 to be the orthogonal projections onto the two summands.

Then
(RPEBR")(z® &) (RBR) = (R 8 R*)(prp + p"ap ) ap + p*)(RB R)
= ppa(p) R Rppa(p) + pog(p) R*ERpps(p™)
+ pa(prp)p™ + @(pEpt)p

= pea(prp) + pog(pEpt) + ealpep)p™ + 0a(p EpT)p
= @a(prp) + pa(prip")
= 90d+ci($ D I).

This proves © & 7 € Mpgp ;-
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The second statement follows from Thm. 3.8: For each R-matrix R € R(d),
we have ¢r(R) = ¢p(R) with F' € R(d) the flip, i.e. ¢r(R) coincides with the
normalized left partial trace of R. The claim then follows from the fact that
the non-normalized partial trace maps B sums to direct sums [LPW19, Lemma

4.2 iv)]. O

Remark 4.8. The sum operation H allows us to write down many examples
of R-matrices and is the concept behind the definition of simple R-matrices
(Def. 2.10). Namely, we can start from trivial R-matrices R = ¢ - 1, € R(d),
c € T, and build non-trivial ones by summation, i.e.

R2011d153621d253...530]\[1d1\,ER(d1+...+dN), Cl,...,CNGT.

Note that we may describe such R-matrices equivalently as follows: There is a
partition of unity in F}, i.e. pairwise orthogonal projections pi,...,py € Fi
such that p; + ...+ py = 1. To each projection p;, we have associated a phase
factor ¢; € T. Then

N N
(4.15) R=)Y c(pi®p)+F > (0 ®p;),

i=1 i,j=1
i#]

which we realize to be a special form of simple R-matrix (Def. 2.10). The
more general form (2.24) is obtained by a slightly more general form of sum H,
involving the parameters c¢;;, © # j.

5. EQUIVALENCES OF R-MATRICES

In the last section, we related natural operations on R-matrices to opera-
tions on their endomorphisms. Conversely, one can start from a natural op-
eration/relation on endomorphisms and relate it to structure on the level of
the underlying R-matrices. The most obvious operation, namely composition
of endomorphisms, does however not preserve the YBE, i.e. the product of
two Yang-Baxter endomorphisms is usually not Yang-Baxter. Instead, we will
consider equivalence relations given by conjugation with automorphisms, and
define corresponding equivalence relations on R(d).

Definition 5.1. Let R, S € R(d).

a) R, S are M-equivalent iff there exists an automorphism o € Aut M such
that \p = cco Ago o™, and we write R & S in this case.

b) R,S are N-equivalent iff there exists an automorphism € Aut N such
that Ar|n = B o Agla o B7Y, and we write R~ S in this case.

c) R, S are equivalent iff there exists an isomorphism vyrs : Lr — Lg such
that yrs(R) = S and p(vrs(x)) = vrs(p(x)) for all x € Lg, and we
write R ~ S in this case.

d) R,S have equivalent representations iff for each n € N, the represen-
tations pg) and pgn) of the braid group B, on n strands are unitarily
equivalent.

It is clear that the subfactors Ag(M) C M, Ag(N) C N, and ¢(Lg) C Lg
are equivalent to Ag(M) C M, Ag(N) C N, and ¢(Ls) C L) it RN S, R~ S
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and R ~ S, respectively. It is also clear that the relations &, =, ~ are different
from each other.

The last equivalence relation (equivalence of representations) was originally
introduced in [AL17] and played a prominent role in the classification of involu-
tive R-matrices [LPW19]. It essentially captures the character of an R-matrix,
defined as the positive definite normalized class function

(5.1) Tr : Boo — C, TR := T O PR.
Equivalence of representations turns out to be the same as equivalence (~):

Proposition 5.2. Let R, S € R(d). The following are equivalent:

a) R and S have equivalent representations.
b) R~ S.
¢) R and S have the same character T = Ts.

Proof. a) = b) If R and S have equivalent representations, there exist unitaries
Y, € U(F}) such that Y,o*(R)Y = ©*(S), k € {0,1,...,n — 2}. This implies
that for any = € pr(CBy),

(5.2) Yrs(z) == Jim Y,zY”

exists, and the so defined map g s is an isomorphism pr(CBy) — ps(CBy)
with yr.s(p"(R)) = ¢"(S), k € Ny. Obviously v ¢ preserves T and extends to
an isomorphism Lr — Lg (denoted by the same symbol).

It remains to show ¢(yr s(x)) = Yr.s(¢(x)) for all z € Lg. Indeed,

Yrs(9(2)) = Trs(Ar(2)) = w-lim g s((ad Ry)(x))
= w-lim(ad 5,)(7r,5(2)) = As(r,s(2)) = (VR s(2))-

Hence R ~ S.

b) = ¢) Let R ~ S. From the definition of this equivalence relation, we have
an isomorphism yg s : Lr — Lg such that yg s 0 pr = pg, and the uniqueness
of the trace implies that g ¢ preserves 7. Hence, for any b € B,

75(0) = 7(ps (b)) = T(vr.s(Pr(D)) = T(Pr(b)) = TR(D)-

¢) = a) Let R,S have coinciding characters 7 = 75, and pick n € N,
r € CB,,. Then

(P (2) ) (1)) = Tr(z"z) = T5(2"x) = 7(p§" ()" p§” (x)),

and the faithfulness of 7 yields ker pglf) = ker pg"). Soa : pgb) (CB,) — p(Sn) (CB,),

pgg) (x) — p(S") (x), is an isomorphism of finite-dimensional C*-algebras. Further-

more, equality of characters 7p = 7¢ implies 7 o & = 7 on pg)(CBn).

But a trace-preserving isomorphism of finite-dimensional C*-algebras repre-
sented on Hilbert spaces of the same dimension is always implemented by a
unitary between these Hilbert spaces, i.e. there exists a unitary Y,, € F} such
that Y, pr(z)Y, ! = ps(x), x € CB,. This shows that R and S have equivalent,
representations. O
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We mention as an aside that we may view 7 as a state on CB,,, and that
the von Neumann algebra generated by the GNS construction of (CBy, 7g) is
naturally isomorphic to the factor Lr. Thus we see that 7x is an extremal (or
indecomposable) character, i.e. an extreme point in the convex set of positive
normalized class functions, generalizing a result from [LPW19] to non-involutive
R-matrices.

In general, the character equivalence relation ~ does not imply the “higher”
equivalences ~, A, but sometimes yrs : Lr — Lg extends to appropriate
automorphisms of ' or M. In the following, we discuss three example scenarios
that we will subsequently refer to as “type 1-3”.

Type 1: Let R € R(d) and v € U(F}). Then S := up(u)Rp(u)*u* = A\, (R) €
R(d) and R ~ S. One can choose the intertwiners as Y;, := u,, and easily
verifies that ), is an automorphism satisfying Ag = A, o Ag o A;!. Since
Ay leaves N invariant, we have R & S and R ~ S in this case, with the
isomorphisms «, 8, vr,¢ from the various equivalence relations all being
given by (restrictions of) \,.

Type 2: Let R € R(d) and u € U(F}) such that \,(R) = R (i.e., R commutes
with up(u)). Then S := p(u)Rp(u)* € R(d) and R ~ S. One can choose
the intertwiners as Y,, := up(u?) - - " '(u"). Hence in this case, 7z g is
given by

(5.3) Ay = lim ad(up(u?) - " (u")),

which trivially exists as an automorphism of U, F C N and extends
to N. Clearly A, restricts to an isomorphism L£r — Lg matching the
representations pg and ps = A, o pr. For x € F}}, we therefore have

Au(Ar(7)) = Au(RpzRy") = Splhu(@) 50" = As(Au(2)).

Hence in this case, we also have R ~ S.

Note that in this case, we have ¢(u)Rp(u)* = u*Ru, so exchanging u
with u* we also have the N-equivalence R ~ wRu*, with isomorphism
Au* .

We give an example to show that A, does in general not extend to M,
i.e. to an M-equivalence R & S.

Example 5.3. Let u € F} and R := uFu*. Since the flip F' commutes with
up(u), we have R ~ F| and now show R 5§ F. In fact, if we had RN F,
then the type III subfactors given by R and F' would be equivalent, and
in particular their relative commutants Mpz; and Mp; would have the
same dimension. Recalling Mp; = {z € F) : p(x) = R*zR} (3.9), we
have Mp; = Fj. But as shown in Remark 3.4, Mp; = Mg, # F; if
u ¢ C. Hence R & F.

Type 3: The third type of equivalence is given by an R-matrix R and its
“flipped” version FRF, where F' is the flip [LPW19]. The correspond-
ing intertwiners are best described in terms of the so-called fundamental



(5.4)
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(5.7)

(5.9)

(5.10)
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braids A, € B,, [Gar69], defined recursively by
A =e, Ag = by, Apiy i =by- by - Ay
The fundamental braids satisfy [[KT0S]
Apby = by A, Ee{l,...,n—1}.

Moreover, A? generates the center of B,. In particular, A,bA 1 =

AIBA,, for all b € B,,.
Lemma 5.4. Let R € R(d). Then FRF € R(d) and R ~ FRF, and the

intertwiners can be chosen as

Y, = pFRF<An):0F(An)7 n € N.

Proof. We skip the straightforward proof of FRF € R(d).

The representative pr(A,) € End((C%)®") of the fundamental braid
given by the involutive R-matrix F' acts by total inversion permutation
of the n tensor factors. In view of the tensor product structure of the
representation pg,

pr(A)" H(R)pr(A,) ™! = " FRF), ke{l,...,n—1}.
Using (5.5), this implies
Yopr(0k)Y, ' = prre(An)pr(An)¢"H(R)pr(An) " prrr(An) ™
= prre(An)prre (boi) prer(A,) !
= prrr(by).

As by,...,b, 1 generate B, this establishes the intertwiner property of
Y. O

We add two more remarks that are special to the type 3 equivalence
R ~ FRF. On the one hand, we note that given R € R and z € F., the
equation ¢(x) = RxR* is equivalent to p(x) = FR*FxFRF. In view of
(3.9), this gives an identification of relative commutants,

Mprr1 ={x € Fj : p(z) = FR*F} = Mp- .
Our second remark concerns the isomorphism g prr @ Lr — Lrgr,

which extends to an algebra closely related to the C*-algebra AES) intro-
duced in (2.9).

Lemma 5.5. Let R € R(d), n € N, and x € F} such that o(x) = Ag(z)
(this is satisfied in particular by any v € Lr,). Then

Yo,aYr =Y,zY,", m >n,

where Y, is the intertwiner (5.6). In particular, yg prr = lim,, adY,,
extends to such elements x, and Yg prr(r) = Y2V, for allx € Lg,.

Proof. To prove this lemma, we first establish a recursion relation for the
intertwiners Y,,. We claim

Vi1 = Yo - pr(b1 - b)) " pr(b1 - byy), m € N.
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To show this, recall that we already know the identity
pr(An)pr(0)pr(Am) ™" = prrr(AnbALY), b€ By,

this was shown in the proof of Lemma 5.4. Thus we may rewrite the
intertwiners as Y, = prrr(An)pr(An) = pr(An)pr(An).
We furthermore note that pgr(A,,) € Lg,,m and therefore

ad pr(b1 -+ bm)[pr(Am)] = Ar(PrR(Am)) = ©(pr(An))
= ad(pr (b1 -+ b)) [(PR(AR))]-

Moreover, since F? = 1, we have pp(A,,) = pr(A1). Together with the
recursion relation A,,11 = by - - - b, A, this gives

Vi1 = pr(D,50)pr(Amia)

= pr(A,, )PF(bl"'bm)_lpR(bl o) pR(Am)
= pr(A,)pr(b1 - bm) " o(pr(Am))pR(Dr -+ - bin)
= pr(AL)pr(A0m) pr(br - - bin) " pr(br -+ by)

)"
=Y, PF(bl m) (b bm>7

proving (5.10).
Now let x € Fj such that gp(x) = Ag(z). Then ad(pg(by - -by))[z] =
Ar(z) = p(x) = ad(pp(b1 b))[z] for any m > n, and therefore

ad(Yy41) () = ad(¥;) ().

Clearly, this implies ad Y, (z) = (ad Y,,)(z) for all m > n.
The isomorphism vg prr is defined by the limit formula lim,, ad Y, on
pr(CBy) and showed that it uniquely extends to an isomorphism L —
Ls. Thus, as lim,,(adY,,)(z) exists and equals Y, zY,* for z € F} as in
the statement of the lemma, we find vg prr(x) = Y,2Y," as claimed. O
Let us emphasize that in general, it is not known whether the ~ equivalence
class of an R-matrix is exhausted by the three cases listed above. Furthermore,
in general the equivalences R & S or R ~ S do not imply R ~ S (For example,

R~ —R for all R € R, but usually R # —R.)

Making use of the type 3 intertwiners, we can now also give the postponed
second part of the proof of Theorem 3.8.

Proof of Theorem 3.8 (second half). Let R € R and S := FRF. We want to
show that Lg is invariant under ¢r. As a preparation, we first show, n € N,

(5.11) ad pr(A) (L) = Lo

In fact, we know from Lemma 5.5 that the intertwiner isomorphism g g co-
incides with adY,, on Lg,, with the intertwiners Y, = ps(A,)pr(A,) (5.6).
Thus

ad pr(An)(Lry) = ad ps(An) ™" (ad Yo(Lrp)) = ad pS(An)_l(ES,n) = Lgn,

where the last step follows from ad pgs(A,)™! being an inner automorphism
of ﬁg n-
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Now let © € Lg i1, n € Ng. As ¢p(z) acts by tracing out the first tensor
factor of x (see (2.21)), and E,(x) acts by tracing out the (n+ 1)st tensor factor
of x, we have

Using the recursion relation A, q = by ---b, - A, for the fundamental braids
and pr(A,) € FJ, we have

or(x) = Eulad pr(A,A 1) (@) = ad pr(A,) [Eufad pr(A,1) (@)

In this formula, ad pp(A, 1) (x) € L1 by (5.11) (note pr(An L)) = pr(Ani)),
and thus E,(ad pp(A,};)(z)) € Ls, by the first part of Thm. 3.8. If we now
apply (5.11) once more, with the roles of R and S exchanged, we arrive at

QbF(Q?) € ‘CR,TL'

Proceeding to general x € Lg, we have E,,(z) € Lg, and E,(z) — = weakly
as n — 00. As we have just shown ¢r(E,(x)) € Lg for all n € N and ¢p is
normal, it follows that ¢p(x) € Lp.

The uniqueness of the 7-preserving conditional expectation EFr = \g 0 ¢ of
©(LRr) C Lg now implies that for any x € L,

p(¢r(z)) = Er(r) = Ep(z) = p(¢r(x)),

and thus ¢r(x) = ¢p(x). This shows that the right diagram in (3.18) is a
commuting square for n = 1, and the case n > 1 follows by composing several
isomorphic commuting squares. O

Applications of Thm. 3.8 will appear in the next section.
We now describe a situation in which R & S does imply R ~ S.

Proposition 5.6.
a) Let R,w € U(Oy) such that o™ := X\, € Aut M. Then

(5.13) aoApoa = \yg) &= wE€ (’)2“’“{).
b) In the same situation as in a), assume in addition that R € R(d) and
S:=a(R) € F3. Then S € R(d) and S ~ R.
Proof. a) We write a = A\, and compute
QAR = XNARMG = MM p(w)R = Aw(n(w)R)vs

which coincides with Ay(ry = Ay, (r) if and only if A\,(Ar(w)R)v = A,(R). Ap-
plying A\, to both sides of this equation and observing that A,\, = id implies
Aw(v) = w*, we see that o Ag o ™! = A\y(p) Is equivalent to

(5.14) w = (ad R* 0 Ag)(w) = Ag(r) (w),
ie. we (’)2“’@).

b) We now assume that R € R(d) is an R-matrix, and set S := a(R). Then,
n € Ng,

a(¢"(R)) = (aAga")(S) = X5(9).

In particular, p(a(R)) = a(p(R)), which immediately implies ¢(S)Sp(S) =
Sp(S)S. Since S € F3 as well, S is also an R-matrix. Thus A%(S) = ¢"(5), i.e.
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we have a(p™(R)) = ¢"(5), which shows that « restricts to an isomorphism
Lr — Lg such that p(a(x)) = a(p(z)) for all z € L. This verifies the
definition of R ~ S. OJ

We thus see that the enhanced form of & equivalence spelled out in (5.13)

is parameterized by the fixed points of A ). The structure of this fixed point
algebra is elucidated in the following general lemma.

Lemma 5.7. Let R € U(O,). Then

(5.15) Flcoyp®,
(5.16) P(O)7) € 0,
(5.17) op(0)7 ™) = O,

and

(5.18) O =C = 0™ = FL.

Proof. The first inclusion is trivial. Let 2 € @}%. Then
p(2) = p(Ar(z)) = (adR" 0 Ag)(p(2)) = Aom) (¢ (7)),

proving p(O)%) C (’);\“’(R). Applying ¢, this also gives Q3% C qﬁp(O;“"(R)).

Now let 4,5 € {1,...,d} and w € O4. Then
(5.19) AR(S7wS;) = S; R AR(w) RSy = S Au(ry ()5S,
and setting ¢« = j and summing over i, we find in particular ¢r o Ayr) =
Aro¢. For w € O™ this implies ¢p(w) = dr(Apr (W) = Ar(pr(w)), ie.
or(0F"") C OF".

In particular, if (92“’(1%) = F}, then O)% = ¢p(F}) = C. Tt remains to show
that ©)® = C implies O;“’(m = Fi. Let w € O;l\‘p(m. In view of (5.19), we then
have S;wS; € (’);}R for any 4, 5. In case O;\R = C, this implies S;wS; € C for
any 7, 7, and thus

d
(5.20) w="Y Si(S;wS;)S; € span{S;S; : i,j € {1,...,d}} = Fy,

ij=1
as claimed. ]

The last statement of this lemma implies that for O;‘R = C, the only possi-
bility to satisfy (5.13) is by w € Fj. Another source of fixed points of \y(p) is
©(O)7). In both cases, (5.13) amounts to the “type 17 equivalence:

Lemma 5.8. Let R € R(d).
a) If Ag is ergodic (i.e. Od’\R = C), then aga™ = Ay(r) with o € Aut Oy if
and only if « = \, withuw € U(F}). In this case, R ~ «(R) is an ezample
of the “Type 17 situation (p. 26).
b) Let u € F) be a unitary fized point of A\g and w := p(u) € 02«:(1%). Then
aAga ™t = Ao(r) with a := A}, and R ~ a(R) are again type 1 equivalent.

w
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Proof. a) For ergodic Ag, we have O)*™ = F1 by Lemma 5.7. But a\ga~! =

Aa(r) 18 equivalent to a™! = A, with w € O;\“’(R) (Prop. 5.6), so that the
conjugation equation is satisfied if and only if « is quasi-free. For quasi-free «,
it is clear that a(R) € F7, which implies a(R) € R4 and R ~ «(R) are type 1
equivalent.

b) Defining o := )\;(lu), we have o = Ay and S := a(R) € F7. Thus
S € R(d) is an R-matrix equivalent to R. Since u € Fj is a fixed point of Ag,
it follows that v and R commute. Hence

(5.21) S = a(R) = Mg~ (R) = p(u")u"Rup(u) = Ay (R),
i.e. S~ R are type 1 equivalent. O

These observations show that the equivalence relation (5.13) is closely related
to type 1 equivalence. It is possible that both notions coincide.

The appearance of fixed points warrants a more systematic look at fixed
points and ergodicity of Yang-Baxter endomorphisms. This is done in Section 7.

5.1. Equivalent R-matrices and braid group characters. Whereas a clas-
sification of all R-matrices seems out of reach, a more accessible (though still
challenging) question is to classify all Yang-Baxter characters, i.e. all traces 7,
R € R, on B,. This amounts to classifying R-matrices up to the equivalence
relation ~.

In order to explain how our results can contribute to this problem, it is in-
structive to compare this situation with the special case of involutive R-matrices
(i.e. R € R(d) such that R* = 1, equivalently R = R*) which has been studied
before. Note that for involutive R-matrices, 7z can be viewed as a character of
the infinite symmetric group S, rather than the infinite braid group.

In preparation for the following, we define R-matrices of normal form to be
special simple R-matrices (Def. 2.10) with parameters ¢;; = 1 for ¢ # j and
g; = ¢ € {+1,—1} for all 7. That is, normal form R-matrices are given by a

partition of unity p,...,py in F, and signs €1, ...,ex such that
N N N
(5.22) R=73 eipip(pi) + D pivp(p))F = HHeila,
i=1 g=1 i=1
i#j

where d; = d7(p;) are the dimensions of the projections p;. These normal forms
can be described by a pair of Young diagrams with d boxes in total.

Theorem 5.9. [LPW19]

a) Let R, S € R(d) be involutive. Then R ~ S if and only if pr(R) = ¢s(5)
are similar, i.e. ¢r(R) = ups(S)u* for some u € U(Fy).
b) Each involutive R is equivalent to a unique R-matriz of normal form.

c) Let R be an R-matriz of normal form, with projections py,...,pn and
signs €1, . ..,en. Define the rational numbers
(5.23) a; = T1(p), g = +1,

(524) 6]‘ = T(pj), €j = —1.
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Then the character Tr(0), 0 € Sy, takes the following form: If the disjoint
cycle decomposition of o is given by m,, cycles of length n, n € N, then

(5.25) (o) =11 (Z o} + (—1)”“26?) .

Furthermore, the signed parameters «;, —f3; are exactly the eigenvalues

of pr(R).

The proofs of these facts rely crucially on the fact that pgr factors through the
infinite symmetric group. In particular, i) a parameterization of all extremal
characters of Sy is known from the work of Thoma [Tho64] (in terms of the
Thoma parameters o, B; (5.23)), ii) S allows for a disjoint cycle decomposition,
iii) for involutive R-matrices, ¢r(R) is selfadjoint, and iv) for involutive R-
matrices, Ag is completely reducible in a sense to be described in Section 6.1.

The results of Thm. 5.9 do not carry over to the case of general (not necessarily
involutive) R-matrices. However, certain aspects can be generalized, which is
the content of the following theorem.

Theorem 5.10. Let R, S € R(d).

a) or(R) = ¢p(R) = ¢p(FRF) is a normal element of F) with norm
lér(R)|| < 1. In particular, R has identical left and right partial traces’.

b) T(Rp(R) - " Y(R)) = 7(¢r(R)"), n € No.
c) If R~ S, then ¢r(R) = ¢5(S) (unitary similarity).

Proof. a) By Thm. 3.8, we know ¢p(x) = ¢pr(x) for all x € L, so in particular
¢r(R) = ¢r(R). We also know that £ (R) = ¢p(FRF) € Lg;. Given arbitrary
y € F), we compute

T(yor(FREF)) = m(e(y)FRF) = 7(yR) = T(\r(y)R) = 7(yor(R)),

which shows ¢p(FRF) = ¢r(R).

In general, left inverses/partial traces do not preserve normality, but in our
situation, we can show that ¢g(R) is always normal, ie. ¢gr(R)or(R)" =
dr(R)*¢r(R). Since ¢r(R) € Fj, it is enough to compare traces against arbi-
trary elements z € F..

In the following computation, we use the property (2.18) of ¢ and To¢pr = T,
the fact that Ap = ad R on Fj, and Ag(R*) = ¢(R*). This yields

T(2¢r(R)Pr(R)") = T(Ar(2or(R)) 1Y)
= 7(z¢r(R) 1)
= 7(Ar(z) Rp(R"))
= 7(Rrp(R"))
= T(zRe(R")).

"In matrix notation, ¢r(R) = d~(Tr®id)(R) and ¢z (FRF) = d~'(id ® Tr)(R) are the
normalized left and right partial traces of R.
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On the other hand, using ¢r(R) = ¢p(FRF) and ¢r(R) = ¢r(R) = ¢r(R)
(this follows because R € Li = Lp+), we find
T(x¢r(R) ¢r(R)) = T(x¢p(FR'F)pr(R))

(p(z)FR" Fo(or(R)))
(R or(R))
(xR ¢p- (1))
(

(

=T

ﬂ

|
\]

Ar+(z)p(R*)R)
=1(xRp(R")),

=T

which coincides with the previous result. This proves that ¢g(R) is normal. The

norm estimate is a standard property of the conditional expectation Fr = Agor.
b) For k,m € Ny, define

(5.26) tem = T(O"(R)Q"HR)--- R - dr(R)™).

We will prove ty,,, = tg+1,m—1, which implies the claim as ¢, o = t .
As before, we use the four facts i) xor(y) = dr(Ar(2)y), i) Ar(a) = ¢(a) for
a € L, iil) To¢r =7, iv) Ar(¢r(R)) = Rpr(R)R*, and compute

tkm = T(P"(R) -~ Ror(R)™ " - ¢r(R)).
=7(6r (\r (¢"(R)--- R ¢r(R)" ") R))
— (Spk—l—l(R) - p(R) - R¢R(R)m‘1R*R)
= lpt1m—1-

c) Let R ~ S, i.e. 7p = 7. Then part b) implies that ¢r(R)" and ¢g(S)"
have the same trace for any n € Ny. Thus ¢r(R) and ¢g(S) have the same
characteristic polynomial, and as they are normal by part a), it follows that
¢r(R) and ¢g(S) are unitarily equivalent. O

Remark 5.11.

a) This theorem states in particular that the spectrum of the (left or right)
partial trace of an R-matrix is an invariant for ~. Since any normal
matrix can be diagonalized by conjugation with a unitary, we also see
that given R € R(d), there exists u € U(F;) such that \,(R) ~ R (“type
17, see p. 26) and A, (R) has diagonal left and right partial traces.

b) Whereas it is known in the setting of involutive R-matrices that R ~ S
is equivalent to ¢pr(R) = ¢g(S), the implication <= does not hold in
general. In fact, it is not difficult to construct unitary R-matrices R, S
such that ¢r(R) = ¢5(S) (and R = S), but for example 7(R*p(R)) #
7(S%p(S)), ie. R S.

¢) In the involutive case, it is furthermore known that ¢z (R) is always invert-
ible and that all of its eigenvalues lie in Z[1]. We currently do not know
whether the first statement (invertibility) holds in general, but it is easy to
give examples of non-involutive R-matrices R such that o(¢r(R)) ¢ Z[%].

d) Specializing to involutive R-matrices, part b) recovers Thoma’s character
formula (5.25) for cycles: On an n-cycle in ¢, € S, the character 7
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gives

(527) Tr(en) = ol + (-1 0B,

where «;, §; are the Thoma parameters of R (5.23).

6. IRREDUCIBILITY, REDUCTION, AND INDEX

In the following we will call an R-matrix R irreducible iff Ay is irreducible
as an endomorphism of M, i.e. iff Mp; = Ag(M) N M = C. This does not
necessarily mean that Ap is irreducible as an endomorphism of A: In view of
(3.13),

(6.1) ERJ CMR,l CNRJ C‘Fj, RER(d),

and in general, the relative commutants L1, Mg and Ng; are all different
from each other. It is therefore conceivable that there exist R-matrices such
that, for instance, Ag is irreducible but Ag|y is not, or that Ag|., is irreducible
but Ag is not®. Our notion of irreducibility always refers to Az € End M, and
we will explicitly indicate whenever we consider A\r as an endomorphism of N
or L by restriction.

A Yang-Baxter endomorphism Ar is a unital normal endomorphism of the
type III factor M with finite-dimensional relative commutant Mg, C F; (6.1).
We may therefore decompose it into finitely many irreducible endomorphisms
of M, unique up to inner automorphisms (i.e. as sectors). In the following,
we will heavily rely on results of R. Longo, see [Long89, Lon91] for the original
articles and [Izu91] for a summary, to obtain information about Ar and the
minimal index Ind(\g).

By a partition of unity in Mg, (for some n € N) we will mean a family
{p:}¥, € Mg, of orthogonal projections such that pipj = 0;;p; and S p=1.
Note that since Mp,, is finite-dimensional, there always exist finite partitions
of unity by minimal projections.

Square brackets [A] denote the sector of A, i.e. [\ ={aduoX : u e U(M)}.

Proposition 6.1. Let R € R, n € N, and {p,;}{*, a partition of unity in
Mp,,. Then there exist isometries v,; € M such that as sectors

dy
(6.2) Nl =D lunal,  pna() = 05 AR (vn-

i=1
The minimal index of Agr is bounded below by
(6.3) d?/™ < Ind \g.

In case v, ; € Oq, we have pin; = Ay, , With Uy; = vy, ; - R o(vn;).

nag N

Proof. As M is of type III, all projections are Murray-von Neumann equivalent
to the identity, i.e. there exist isometries v,; € M such that p,; = Un,iUy, ;
and v}, ;v,; = 0451. This implies that p,;(x) := v}, ;A% (x)v,,; are unital normal

8An example for the latter situation is given by R = F.
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endomorphisms of M — To show that p,; is an algebra homomorphism, note
that, x,y € M,

:un,i(x)lumi(y) = U:,z‘)‘?%(x)vn,iv;kz,i)‘nR(y)Un,i = U:,i/\%(iﬂ)pn,i)\%(y)vn,i
= U AR(EY)PniVni = Vn AR (2Y)Oni = pini(2Y),
where we have used that p,; commutes with A%(M). Analogously one shows

Np(x) = 325 Vpiftni(x)vk ;. x € M. This establishes [\}] = EB?;I (i)

The statistical dimension d(Ag) := v/Ind Ag is additive w.r.t. direct sums,
multiplicative w.r.t. composition of endomorphisms, and bounded below by 1
This implies

1/n
d(Ag) = d(Ap)/" = (Zd s ) > dy/"

and Ind A\ = d(A\g)? > d*/™ as claimed.
If v,;, € Oq4, we can easily check the equality j,; = Au,; Dy evaluating on
generators Sg, k=1,...,d. O

These estimates give concrete index bounds when applied to spectral decom-
positions.

Corollary 6.2. Let R € R(d) and consider the spectra o(R) of R and o(¢r(R))
of pr(R). Denoting cardinality by |- |, we have

(6.4) 0(R)] < IndAr,  |o(ér(R))|* < Ind \g.

Proof. The R-matrix R is a unitary in Mpzo (Prop. 2.3 c)), hence its spec-
tral projections define a partition of unity of do = |o(R)| many projections
in Mps. For the second bound, we recall that ¢(R) is a normal element in
Mg (Thm. 5.10 a)), hence its spectral projections define a partition of unity
of dy = |o(¢r(R))| many projections in Mp;. O

We describe the decomposition of A\g for two classes of simple R-matrices.

Proposition 6.3. Let R € R(d) be a simple R-matriz (Def. 2.10) with projec-
tions {p;}}*, C F; and parameters {c;;};—, C T.

a) If ci; =1 for alli # j, let m = |{i € {1,...,N} : 7(p;) = 1/d, c;; = 1}|
and n = [{t € {1,...,N} : 7(p;) = 1/d, c¢;; # 1}|. Then there exist

n automorphisms oy, ...,a, and N —n — m irreducible endomorphisms
B, ..., BN—n—m Such that
(6.5) ARZa1®.. 0, P D... P ON-n—rn @idD ... Bid.
m terms

The oy, B; are all mutually inequivalent and non-trivial as sectors.

b) If all p; are one-dimensional (that is, if R is diagonal), define the unitaries
u = 30 4 ciiS; Sy € U(Fj), i = 1,...,d. Then there exists a unitary
u € Fy such that

(6.6) AR = A OZS)\ ()S; o A

=1
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decomposes into a sum of d automorphisms. In particular,
(6.7) N : Ar(N)] = Indg, (M) = d°.

Proof. In both cases a) and b), there exists a unitary u € Fj such that p; =
uS;Sfu* foralli € {1,..., N} such that 7(p;) = 1/d. Since A, 0AroA,' = A\, (r),
we may assume p; = 5;5; for all one-dimensional projections p; without loss of
generality.

a) For each one-dimensional projection p;, we define the unitary u; := ¢;;9;S; +
ki kg = 1+ (e — 1)S;57 € F} and claim S; € (\,,, A\g). To prove this, we
note that for arbitrary j € {1,...,d}, we have p,S; = 0,,.5; and p;S; = 9;;5;.
Then we calculate from the definition of R that,

R j i — D = aaPadiDadi oSi ppS; — . y
j = : a#f PSS i#

which is easily seen to coincide with S;u;S; = S;\y, (5;).

Analogously, one shows Ag(S7)S; = SiAy,(S7), which then shows that Ag
contains the automorphisms A, .

Since u; = 1 if ¢; = 1, this shows that A\r contains the identity with multi-
plicity m, and n further automorphisms (the \,, with ¢;; # 1), as claimed.

The statement about the remaining irreducible endomorphisms [, now fol-
lows from the known structure of Mp;, namely Mpr; = C® ...C & M,,,
where C occurs with multiplicity N —m (Prop. 3.2).

b) Leti,5 € {1,...,d}. Itis clear that \,, is an automorphism, with \,, (S;) =
cijS; and Ay, (S5) = &;S;. Analogously to part a), one computes Ar(S5;)S; =
cijSiS; and Ag(S7)S; = ;;5:5;. Hence S;\,,(r) = Ag(x)S; whenever x = 5 or
x = S7. This implies (6.6).

Since each automorphism has dimension 1, it follows that the minimal index
is Ind(A\g) = d?. Since Ind(Ag) < Indg,(A\g) = [N : AgWN)] < d?, (6.7)
follows. OJ

We see in particular that all simple nontrivial R-matrices are reducible. Ir-
reducible R-matrices do exist (and are in fact likely to be the most interesting
ones), but a general overview over irreducible R-matrices is currently not known.
In Section 8 we will see an example.

FExample 6.4. The spectral index bounds from Cor. 6.2 can be fairly weak, as
the following example shows. If we take R = F, then o(R) = {1,—1} and
¢r(R) = d'1. Thus in this case, the lower bounds (6.4) gives 2 < Ind Az and
1 < Ind A, respectively, to be compared with the exact result Ind A\p = d2.

Regarding upper bounds on the index, we have the completely general bound
N : Ag(N)] < @2 on the Jones index [CTP96] (and hence on the minimal index).
In the special case that ¢r(R) = 7(R)1 # 0, then it was also shown in [CP9I(]
that

(6.8) W AR(N)] < I7(R)2.
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More generally, if ¢r(R) is invertible’ but not necessarily scalar, then
(6.9) N ARN)] < llor(R)7H

This bound is not necessarily sharper than the general bound d?, but has an
interesting consequence for R-matrices that we record here, following [CPI6,
Cor. 5.5]. It states that the spectrum of a non-trivial R-matrix can not be
concentrated in a disc of radius less than the universal bound 1 — 2714 ~ 0.159
(this value is probably not optimal).

Corollary 6.5. Let R € R and ju € T such that |R —pl| < 1—27Y4. Then R
is trivial.

Proof. Passing from R to 'R € R we may assume pu = 1 without loss of
generality:.

By assumption, ||¢r(R) — 1| < [|[R —1]| < 1 —27Y% < 1. Hence ¢r(R) is
invertible, and the inverse satisfies ||¢r(R)!| < (1 — ||[R — 1||)~' < 2%/4. Thus
(6.9) implies [N : Ag(N)] < 2,1.e. [N : Ag(N)] = 1 and Ag is an automorphism.
This is only possible for trivial R (Cor. 2.5). O

The estimates (6.4) and (6.9) rely only on the spectrum of R or ¢r(R) and
fail to be sharp when multiplicities have to be taken into account. We hope to
revisit this question in a future work.

Remark 6.6. Akemann showed in [Ake97] that if the inclusion diagram
Fi C Fi
(6.10) U U
)\}ﬂ./\[)ﬂfé C )\R(N)ﬂfg

is a commuting square, then the index [N : Ag(N)] is an integer.
We remark here that one can show that for arbitrary R € R,

Fi N AnlN) = (FD™

With the results of the next section, it is then easy to check that if Ag is
ergodic (that is, N*# = C), then (6.10) commutes and hence [N : Ag(N)] € N.
However, the square does not commute for general R-matrices. Any simple R-
matrix containing a projection of dimension greater than 1 is a counterexample.

Presently, it is unknown whether [N : Ap(N)] is integer'? for any R € R, and
whether {[V : Ag(N)]: R€ R} =N.

6.1. Reduction of involutive R-matrices. Our considerations so far show
that the decomposition of a Yang-Baxter endomorphism into irreducible endo-
morphisms does not preserve the Yang-Baxter equation. This can for example
be seen from the decomposition of the endomorphism of a diagonal R-matrix
(6.6) which yields non-trivial automorphisms Ay, — these are not R-matrices
because the only R-matrices giving automorphisms are trivial.

In the context of Yang-Baxter endomorphisms, one would therefore rather
like to consider a different reduction scheme that does preserve the YBE. In

9For involutive R-matrices, ¢z (R) is known to be invertible [LPW19]. We currently have
no proof (but also no counterexample) that this property remains true for general R € R.
10Tt is known, however, that [Lr : @(Lg)] is typically not integer [Yam12, Tan19].
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this section, we present such a scheme for the subclass of involutive R-matrices
(ie. R?=1).

To begin with, we consider R-matrices with the special property that they
can be restricted to certain tensor product subspaces, as defined below.

Definition 6.7. An R-matriz R € R(V) is called restrictable’ if there exists
a non-trivial subspace W C V' such that R leaves the two subspaces W @ W and
WL@WL of VoV (with W the orthogonal complement of W C V') invariant.

Clearly R is restrictable if and only if there exists a non-trivial orthogonal
projection p € F. such that

(6.11) [Rp®p =0, [Rp-®p =0, [Rpop" +p @p =0.

(Actually the third equation is a consequence of the first two.)

It is clear that in this situation, the restrictions of R to W ®@W and W@ W+
are again R-matrices, with base spaces W and W+, respectively.

We now look at the special case of involutive R-matrices.

Lemma 6.8. Let R € Ro(V) be involutive and reducible. Then R is restrictable.
More precisely, there exists a nontrivial subspace W C V' (with orthogonal com-
plement W) such that according to the orthogonal decomposition
(6.12) VeV=WeW)eWeWhHeWrteW)e (W W),
R takes the form

S

(6.13) R=

with a unitary U : W @W+ — WL QW and involutive R-matrices S € Ro(W),
T e R()(WJ‘)

Proof. Since Ap is reducible, there exists a non-trivial projection p € Mp; C
F}, and we define W := pV. As an element of (Ag, Ag), the projection p satisfies
R*(p®1)R = 1 ® p. Furthermore, R is involutive and hence selfadjoint. This
implies that we also have R(1 ® p)R = p ® 1 and therefore

(6.14) Rpep)R=Rpe1)RR(1®p)=(1xp)(p® 1) =p&p.

We conclude that R leaves the subspaces W @ W and W+ ® W+ invariant and
defines the two R-matrices S and 7" by restriction to these subspaces.
Moreover, we have

(6.15) Rlp@p)R=Rp@1-p@p)R=10p—pop=p-ap,

and analogously R(pt ® p)R = p ® pt. This shows that R also restricts to
unitary maps U : W @ W+ = WL@ W and U : W@ W — W @ W+. Since
R?=1, wefind U =U% O

UTn [Hie93], such R-matrices are called “simple solutions”. Note that R-matrices that are
simple according to our definition Def. 2.10 are restrictable, but not all restrictable R-matrices
are simple.
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This observation sheds new light onto the decomposition of involutive R-
matrices: Whenever an involutive R is reducible, we can split it into two smaller
R-matrices S, T and an “off-diagonal component” U. Since the restrictions
S and T are still involutive, this process can be iterated until, after finitely
many steps, the restricted R-matrices are irreducible. In this sense involutive
R-matrices are completely reducible.

Remark 6.9.

a) We conjecture that in the involutive case, Ag is irreducible if and only if
R is a multiple of the identity. This is certainly true in dimension d = 2,
but we currently have no proof in general dimension.

b) Equation (6.13) can also be read as a way of constructing R-matrices
of larger dimension out of two smaller ones. If the operator U in (6.13)
coincides with the flip F', then the right hand side of (6.13) equals SHT,
which satisfies the YBE if and only if S and 7" do. For more general U,
certain commutation relations between U and S, T" have to be satisfied in
order to ensure the YBE for R [MM96].

It is instructive to point out how this reduction scheme leads to a normal
form for involutive R-matrices up to the equivalence relation ~. Recall that
R-matrices of normal form were defined in (5.22) as simple R-matrices with
parameters ¢; € {£1} for all 7 and ¢;; = 1 for all 7 # j.

Proposition 6.10. Let R € R(d) be involutive.

a) In the situation of Lemma 6.8, we have R ~ SHT.
b) If R is irreducible, then R = £1 or R ~ £F.
¢) There exists an R-matrix N of normal form such that R ~ N.

Proof. a) We have to show that R and R := S B T have the same character.
It is sufficient to show that for any n € N, we have 7(Rp(R)---¢"(R)) =
T(Ro(R) - - ¢"(R)) because both R-matrices are involutive and extremal char-

acters of the infinite symmetric group are fixed by their values on cycles. For
the case U = F, it was shown in [LPW19, Prop. 4.4] that

(dim B e (R " (R) = d5™ - 7(S - " (8)) + & - (T " (T)),

where dg = dim S, dr = dimT". This proof carries over without changes to the
case of a general unitary U : W ®~VVL — I/I{L ® W, leading to the conclusion
that 7(Ro(R) - - ¢"(R)) = 7(Rp(R) - - - ¢"(R)) for any n € N.

b) If R is irreducible, we have in particular Lr; = C and therefore ¢pr(R) € C.
This implies the claim, as shown in [LPW19].

¢) Applying the reduction scheme to R repeatedly yields

R~R'HE..BR",

where the R' € R(d;) are involutive irreducible R-matrices — the superscript is
just a label, not a power — and the off-diagonal terms U from Lemma 6.8 have
been removed up to equivalence ~ with the help of part a).

Now, in view of part b), each R’ is either 14, (the subscript indicates the
dimension, i.e. +14, € R(d;)) or equivalent to +Fy, (where again, the subscript
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indicates the dimension). Without loss of generality, assume the first m R-
matrices are trivial (for some 0 < m < n) and the remaining n — m R-matrices
are flips, i.e. there are signs €1, ...,&, € {£1} such that R' =¢,14,,..., R™ =
Emldm and Rm+1 = €m+1de+1, ceey R" = Eann.

A look at (2.24) shows that the flip in dimension d; is simple, in fact it can
be written as Fy, = 1; B ... H 1; (d; terms). Hence we arrive at

RNglldlEE...EESmld EEEm_H(llBHEEll)EEBHEn(]_lEEE‘]_l) :IN,
d t dn t
m+1 terms n terms

which shows that R ~ N with N of the claimed simple form. 0J

m

The normal form result was already known from [LPW19], but we have now
a new perspective on it from the point of view of Yang-Baxter endomorphisms.
This analysis identifies two greatly simplifying features of the involutive case:
On the one hand, every involutive R is completely reducible in the sense ex-
plained above, and on the other hand, there exist only very few irreducible
involutive R-matrices.

For general R-matrices, neither a reduction scheme nor a classification of
irreducible elements, are currently known'?. We hope to come back to this

question in a future work.

7. ERcoODICITY AND FIXED POINTS

Fixed point subalgebras of automorphisms and endomorphisms of Oy have
not been investigated systematically but in few cases. For instance O7 = C, but
there exists an order two quasi-free automorphism Ay of O, f = 5155 + S257,
such that Oy, ~ Oy [CL12]. More interestingly, (’);‘1 ~ Oy, as it is the C*-
subalgebra of Oy generated by S;5;, 1 < 7,5 < 2. This example is the fixed
point algebra of the R-matrix R = —1 € R(2).

In this section, we discuss fixed point algebras of Yang-Baxter endomor-
phisms A\r at the level of the C*-algebras O,, F; and the von Neumann algebras
M, N. What is special in the Yang-Baxter context is that fixed point algebras
of Ag are closely related to the relative commutants Lr C N, Lr C M, as we
demonstrate now.

Proposition 7.1. Let R € R(d).
a) M C N ANL(M) C LN M.
n>1
b) N2t = N AL(N) =L NN.
n>1
c) Leti,j € {1,...,d}. Then S;M*2S; C M and SN RS; C NR.

Proof. a) The first inclusion is trivial. For the second one, let x € 51 AR(M)

and m € Ny. Then z = A\™2(y) for some y € M, and taking into account that
R € Mgy = (A%, )\%), we find

¢ (R)x = Ag(R)ART(y) = AN (RAR(Y)) = A (AR (y)R) = 2™ (R).
Since m was arbitrary, this implies z € £ N M.

12Gee Section 8 for an example of a non-trivial irreducible R-matrix.
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b) Exactly as in part a) we have the two “C” inclusions, and it remains to
show Ly NN C N2 Let x € LNN e [z, ¢"(R)] =0 for all n € Ny. Then

Ar(z) = lim R---¢"(R)zp"(R)"--- R =,

ie. € N?R,
c) Let x € M?®. Taking into account that x commutes with R by part a),
we have

Ar(SizS;)) = STR*AR(2)RS; = S;R*zRS; = S:aS;.
O

Remark 7.2.

a) In standard terminology, an endomorphism A of a von Neumann algebra
N is called ergodic if N* = C and a shiftif (51 A"(N) = C. We have thus
shown that that Ag|y is ergodic if and only if Ag|x is a shift. Furthermore,
the fixed point algebra coincides with the relative commutant of Lr C N.
Hence Ag|y is ergodic if and only if Lz C N is irreducible.

b) We will later discuss an example where A% is infinite-dimensional, i.e.
in particular £z C A has infinite index.

c¢) All statements of this proposition hold without changes on the level of the

C*-algebras, i.e. O)F C N N(O4) C BN Og and F}7 = ) Nu(Fy) =
n>1 n>1
By N Fy.

It is currently not clear if one has equalities in Prop. 7.1 a), or if M*r C Nz
for all non-trivial R. We next show that at least ergodicity of Ag can be decided
on the level of the type II factor V.

For this and following results, we will make use of a (von Neumann version
of) family of linear maps E" : M — N, n € Z, introduced in [Cun77], namely
(n = 0)

(7.1) E"(x) = /T @ (xS,  Ez) = /T @, (STz),

where o, = )\, are the gauge automorphisms, integration is over the circle
2 €T w.r.t. Z‘ZZ, and the choice of 5] as a reference generator is by convention.
We also introduce the closely related spectral components 2™ € M of z as

_ E"(x)S} n>0
7.2 ™ = [, (x)z = ! .
(7.2) v /a (z)2 {Sf‘”E”(a:) n<0

Recall that © = 0 is equivalent to ™ = 0 for all n € Z [Tak73, Haa89).
Moreover, we clearly have (z*)™ = (z(=™)* for all z € M and all n € Z.

For any unitary U € U(Fy), the endomorphism Ay commutes with the gauge
action, so that the fixed point algebra M?V is globally T-invariant and for any
r € MM also all its spectral components (™ are fixed points of Ay;. This
applies in particular to R-matrices R € U(F3).

Proposition 7.3. Let U € U(Fy). If F}V = C then O)V = C, and if NV = C
then M = C.
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Proof. Let x € O3V, If it was nontrivial, it would not lie in F,; and then it
would have a nonzero spectral component. Without loss of generality, we may
then assume that (™ # 0 for some n > 0, and as remarked above, z(™ € (92‘”.
Now, both 2™ (2()* and (z(™)*z(™ are fixed points in F; and thus positive
scalars, say p and v. It follows immediately that v must be equal to p and thus
™ is a multiple of a unitary. However, it is easy to see that this is in conflict
with the KMS condition (recall that Aj-it; is the modular group w.r.t. the state
w=rToE).

The proof for the von Neumann algebras M, N is identical. O

Prop. 7.3 implies that Ag is ergodic if and only if Ag|y is ergodic. In this
case, we will simply say that R € R is ergodic.

Remark 7.4.

a) It is clear that the equivalence relations R & S and R ~ S (Def. 5.1)
provide automorphisms of M and A that identify the fixed point alge-
bras of Ag and Ag. In particular, the “type 1”7 and “type 2” cases of ~
equivalences (see p. 5) preserve ergodicity.

b) R is ergodic if and only if R* is ergodic because

(7.3) NA® = L0 AN =Ly NN = NE,

¢) Clearly O)* is stable under any endomorphism ), that commutes with
Ag. For example, if the unitary v is a fixed point, then AgA, = \,r, and
this coincides with A, Ag if and only if p(u) commutes with R. However,
in general 023 is not p-invariant.

We now turn to an explicit characterization of ergodicity. Let Hp : N — NAR
denote the unique 7-preserving conditional expectation onto the fixed point
algebra. As A\g preserves 7, the ergodic theorem allows us to write Hg as

(7.4) Hp(z) = s-lim = > Mi(2), reN.

Also recall that E,, denotes the 7-preserving conditional expectation N — F7,
which acts by tracing out all tensor factors except the first n (in particular,
EO = T).

Theorem 7.5. Let R € R(d). The following are equivalent:

a) E\(RxR*) = 7(x) for all x € F}.

b) E (" H(R)ze" Y (R*)) = E,_1(x) for alln € N,z € F}.
c) Hp(z) = 7(x) for all z € F}.

d) R is ergodic.

If R is ergodic, then so are all its cabling powers R™, n € N.

We will refer to the condition in part a) as “the ergodicity condition” in the
following.
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Remark 7.6.

a) In matrix notation, the ergodicity condition reads as follows: Let (ex)¢_,
be the standard basis of C?, and let R}, := (e; ® ¢j, R(ex ®¢;)). Then the
ergodicity condition is equivalent to

d
(7.5) SRR =668 g kle{l,... d},
n,m=1
as can be seen by choosing x as the matrix unit ey, € M. In the special
case of involutive R-matrices equivalent to the flip, Wassermann have a
proof of an analogue of Thm. 7.5 already in [Was87], also based on the
condition (7.5).

b) The ergodicity condition is best understood in graphical notation. Not-
ing that F; acts as a normalized right partial trace on F3, we have the
following graphical representation:

R

FIGURE 2. The ergodicity condition in graphical notation. Note that
this is trivially satisfied for R = F', and trivially violated for R = 1.

We also note the graphical representation of the (equivalent) condition
in part b): Since E, acts as the normalized partial trace on the rightmost
tensor factor of Fj !, it is apparent that condition b) reads in graphical
notation

c¢) The ergodicity condition also appears in [CP96], where it was shown to
imply that the left inverse ¢ is localized in the sense that for any n € N
there exists a k € N such that ¢r(F7) C Fy.

Proof. a) = b) We give a proof by induction in n, the case n = 1 being
equivalent to a). For the induction step, note that the definition of £, implies
SIEL(-)S; = Enq(Sf - S;) for any ,j. Thus we have, 4,5 € {1,...,d}, = €
Fg—&-l
Si Ena (" (R)z" (RY))S; = En(S7¢" (R)ze" (R")S;)
= Eu(¢" " (R)S; 280" (RY)).
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As SrxS; € Fj, this simplifies by induction assumption to E,_1(S;xS;) =
SFE,(x)S;. Since 4, j were arbitrary, this finishes the proof.

b) = ¢) Let # € F}, n € N and y € F7. Noting that ¢*~!(R) commutes
with y for £k — 1 > n, we calculate

m—1

F(yHr(z) = lim — 3 r(yXs(2))

m—0o0 M, =0

1
= lim — 3 r(y"(R) - RaR" - " (RY))

m—0o0 M,

S e ) e 1)
76 = Tl (R) - ReR g (R

We now insert F, into the trace and use b) iteratively to arrive at
T(yHr(2)) = 7(yEu(¢" ' (R) - RzR" - ¢~ 1(R)*))

T(YEua (9" *(R) - RaR* - " (R)"))

T(yEo(x))

7(y)7 ().

As n was arbitrary and the trace is faithful, this implies Hg(z) = 7(z), i.e. we
have shown c).

¢) = d) To amplify c¢) to ergodicity, we will use the cabling maps ¢, and
cabling powers R™ n € N. The first step is to realize that if R satisfies the
ergodicity condition, then so does R™ i.e.

Ep 1(R™ey(2)(R™M)) = 7(x), @€ Fy.
Applying ¢!, this condition is seen to be equivalent to
En(an * L n(R*)n) = T(x), T € fg,

which can be proven by induction in n with the help of the ergodicity condition
for R, expressed as in b) (and is obvious in graphical notation).

Let n € Nand x € F}. Then c,(z) € Fi., and since R™ satisfies a) and
thus also ¢), we have Hpm (cp(z)) = 7(cn(x)) = 7(x) and therefore

(7.7) 7(z) = (c;' o Hpmy 0 ¢,)(7), x e Fy.

We now recall that ¢, ! o Agm) oc, = A} as endomorphisms of Ny (4.9). Express-
ing Hpm as an ergodic mean as in (7.4), we then see that Hg,, := c,jl oHpmoc,
is the T-preserving conditional expectation from Ay onto its fixed point subal-
gebra N 7.

Eqn. (7.7) states that Hp, acts as the trace on Fj. As clearly N} C ./\/2\%,
also the conditional expectation Hp acts as the trace on F}. In other words,
T(yHg(z)) = 7(y)7(z) for all y € Ny and all z in the algebraic infinite tensor
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product U, Fy. By continuity, this extends to 7(yHg(z)) = 7(y)7(x) for all
x,y € Ny, which is equivalent to ergodicity, Hg = 7, by the faithfulness of 7.

d) = a) Let x € F). According to the calculation (7.6) in the proof of
b) = c), specialized to n = 1, we have for all y € F}

T(yHr(x)) = 7(yRzR*) = 7(y Ey(RzRY)).

If Ap is ergodic, we have Hgr(z) = 7(z). As E;(RxR*) is an element of F, and
y € F was arbitrary, we see that F(RzR*) = 7(z), i.e. a) holds. O

As an application of Thm. 7.5, we show that diagonal R-matrices (Def. 2.10)
are ergodic.

Corollary 7.7. Diagonal R-matrices are ergodic.

Proof. A diagonal R-matrix is of the form R = \,(S) with v € U(D)) and
S € R(d) of the form S = cydid], i,j,k,1 € {1,...,d} with parameters
cr € T. It is a straightforward calculation to verify the ergodicity condition
(7.5) for S. Since R & S (type 1), it follows that R is ergodic as well. O

Remark 7.8. Any non-trivial fixed point z = Ap(z) = RzR* € F, satisfies
Ey(RxR*) = = and therefore violates the ergodicity condition. Conversely, if
some x € F, violates the ergodicity condition, then the argument in the proof
d) = a) of Thm. 7.5 shows that Hr(x) # 7(x). That is, we have a non-trivial
fixed point Hg(z) € N?% in this case. However, typically Hg(x) will not lie in
F}or even Fy, but only in its weak closure N.

One might therefore expect that the condition that Az admits no non-trivial
fixed points in 2, namely

(7.8) C= (F)'t = {z € Fj : ReR* =z},

is strictly weaker than the ergodicity condition for general R. We will prove
this later by an example.

In order to compare the fixed point algebras on the C*- and von Neumann
level, we add another result, which shows that the fixed point algebra on the
C*-level is, in a sense, not too big when R is not a scalar. Recall that if a unital
C*-algebra A is simple and purely infinite then for every nonzero x € A there
exist y, z € A such that yxz = 1 [Dav96, Thm. V.5.5].

Proposition 7.9. Let R € R(d). If OC’}R is simple and purely infinite then
R = pul, where p € T is an n-th root of unity for some positive integer n.

Proof. Suppose that the fixed point algebra is simple purely infinite. Then it
is not contained in Fy, and thus there exists some z € @)% with 2™ # 0 for
some n > 0. Now, from the equality Az(z™) = (™| taking into account the
fact that R is unitary and 2™ commutes with Bp, we get

= Htpk(R) . g0k+”_1(R)a:(”) _ SOk—l(R*) o REMR. SOk_l(R)H
H(R) -~ ()t — 2] 0
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when k£ — oco. Pick y, z € (’)d)‘R such that y2(™z = 1. Then,

le* (R " (R)) = 1]l = " (R) - "1 (R) — 1]
= [ly(p"(R) - - T (R)2™ — 22|
<" (R) - R — 2| [ly]| 2] — 0

as k — o0o. Since ¢ is unital and isometric, we get R --- " }(R) = 1. However,
R* € R(d), implying that Ag« is not surjective and A%. = Apn—1(ge)..p(rr)r+ 18
not the identity, unless R = pl1 with p" = 1. 0J

Conversely, if p € T is a primitive n-th root of 1 then it is not difficult to
see that (’)(’1\"1 is isomorphic to Ogn, while if 4 € T has infinite order one has
Oy = Fu.

So far, we have not ruled out completely the possibility that (’)d’\R ¢ Fq, but
we have already restricted the isomorphism class of the fixed point algebra. The
next result shows that at least there are no algebraic fixed points outside Fy
if R is non-trivial. It also shows that (7.8) captures precisely the absence of
non-trivial algebraic fixed points.

Here and in the following, we write °Oy C Oy for the algebraic part of Oy,
i.e. the unital *-algebra of polynomials in the generators Si,..., Sy and their
adjoints, and °Fy := °OyNFy = Upen Fii = °N for the algebraic part of F4. We
also use the shorthand notations °O)" := %0, N O}" and °F}7 = F, N F,*.

Proposition 7.10. Let R € R(d).
a) If R ¢ C, then all algebraic fized points of Ar are contained in Fy, i.e.

(7.9) ‘0" = F,".
b) OF)" = C if and only if (Fj)*= = C.

Proof. a) Let x € °O, be an algebraic fixed point of Ag that is not contained in
Faq, without loss of generality assumed to be selfadjoint. As x & F; = O((jo), it
has a non-zero spectral component 2™, n > 0, which also lies in OOQR. We may
therefore express it as ™ = E™(2)S? with E"(z) € F% for some k € Ny. Then,
for all multi indices «, f of length |a| = |3] = k we have t, g := S} E™(x)Ss € C.

Now define T := Sax™ Sy = S* E"(x)S7S5 where we have chosen «, 3 such
that 7' # 0; this is possible because 2™ # 0. By virtue of Prop. 7.1 c), T is a
fixed point. Furthermore, T' can be expressed as

T =S,E"(x)S7Ss = > SiE"(z)S, SISTSp = > taS5 ST Sp.
vilvl=k yilvl=k

As the multi indices § and v have the same length k for all terms in the sum,
we see that T is a linear combination of products of n generators S;, ---.S;,. In
particular, T" is a (non-zero) multiple of an isometry.

To conclude the proof, note that as a consequence of R being an element of
F2 and in view of the form of T, we have (T*)*RT*? € C. But as a fixed point,
T commutes with R (cf. Prop. 7.1 a)). Therefore

C > (T*)*RT? = (T*)*T*R,
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and as (T%)?T? is a non-zero scalar, the triviality of R follows.

b) The implication == is trivial. For the reverse implication, let x € (F§)*r
for some k € N. Then, by Prop. 7.1 ¢), S; ---S;_ xS, _,---S;, € (Fy)** =C
for all 4;, 7;. Thus

k-1 d
* * k—1
=YY S, S (Si e SE xSy, "Sjl) Si - S: e FE
=1 14;,5;=1

and inductively it follows that z € (F3)*% = C. O

We now compare the ergodicity condition and the condition (F1)* = C in
more detail. It turns out that they have quite different behavior with respect
to taking box sums.

Lemma 7.11. Let R,S € R.

a) RB S satisfies the ergodicity condition if and only if both R and S do.
b) Arms has no non-trivial algebraic fized points.

Proof. a) Let us view R € R(d) C End(V®@ V), S € R(d') C End(W @ W)
with dimV = d, dimW = d’, and pick orthonormal bases {e; : i = 1,...,d}
of Viand {f;: 7 =1,...,d'} of W. We denote the orthogonal projection from
V @ W onto V and W by p and p, respectively.

Recall that E; acts as the normalized right partial trace on End((V & W) ®
(Ve W)). Writing U := RH S as a shorthand, we have, x € End(V & W),

(d+d'){e;, E,(UzU")e; )

d &
= (e, ®@ep, UzU(e; @ ex)) + Y {e; ® fr,UzU*(e; ® f1))
k=1 =1
d o
= {e; ® e, RprpR*(e; @ er)) + 07 Y _(fi,p ap™ fi).
k=1 =1
The ergodicity condition demands that for every z, this equals
d &
(d + d/)<€z‘, T(if)ej) = 5;- Z(ek,p$p€k> + 5;' Z(fl,Plﬂipoz)-
k=1 =1

Comparing the expressions, we see that the ergodicity condition for R H S
implies the ergodicity condition for R. Analogously, one shows that ergodicity
of S is necessary for ergodicity of RH S.

To check that this is sufficient, we also have to consider the “mixed” expecta-
tion values of Ey(UzU*) between vectors in V' and W, namely (e;, E1 (UzU*) f;).
But since RH.S acts as the flip on mixed tensors, it follows that these necessarily
vanish, in agreement with the ergodicity condition. Hence ergodicity of R and
S is also sufficient for ergodicity of RH S.

b) We need to show that the only x € End(V@W) commuting with U = REHS
are multiples of the identity (cf. Prop. 7.10). We have

UzU*(p®p) =U(prp @ p + p ap @ p)R* = R(pzp ® p)R* + (p ® prap)FR*,
(p®@p) =prp@p+prap@p.
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As R commutes with p ® p, this implies p*xp = 0, and analogously pzpt = 0.
Similarly,
UsU(p@p*) = Ulap™ @ p)F =U(prap @ p)F =p@p-ap,
z(p®@pt) = prp @ p*.
Taking partial traces, we find pxp = ¢ - p, ptapt = ¢ - pt with ¢ € C. Thus
x =c € C, and (7.8) is satisfied. O

This result gives us many R-matrices that are not ergodic but do not have
any non-trivial algebraic fixed points either. Consider an involutive R-matrix N
of normal form, i.e.

(7.10) N = Heil,,
=1

for some n € N, with signs ¢; € {+1} and dimensions d; € N, >, d; = d
(see Thm. 5.9 ¢)). Then Lemma 7.11 b) shows that N has non-trivial fixed
points if and only if it is trivial, namely n = 1 and N = +1. We also know if
di = ... =d, =1, then N is diagonal and hence ergodic (Cor. 7.7). But all
other normal forms N, and in fact all R-matrices R equivalent to them, are not
ergodic, as we show next.

Proposition 7.12. Let R be ergodic. Then

(7.11) lor(R)|lz = 7(R"@(R)) = —.

If R is ergodic and involutive, it is of diagonal type, i.e. R ~ N for a normal

form (7.10) with d; = ... =d, = 1.

Proof. We consider the ergodicity condition (7.5) with ¢ = k and j = [. Sum-
ming over ¢, j gives

d d A
d?=d? Y si=d?® YRR =71(6r(R)or(RY)).
ij=1 i,j,n,m=1

Recalling that ¢p(R) = ¢r(R), this gives ||[¢r(R)||3 = d2 as claimed. Further-

more,

T(¢r(R)or(R")). = T(RAr(¢r(R"))) = T(Ror(R")) = T(¢(R)R").
We now specialize to the case that R = R* is involutive. Then we may ex-
press Tr(b1b2) = T(¢(R)R), the value of a three-cycle in the character 7z, in
terms of the Thoma parameters ay, 5; of R. Recall that day,ds; € N are the
dimensions d; of the normal form of R, summing to d. Thus, by (5.27),

d=d’t(p(R)R) = Z(d@k)3 + Z(dﬂl)g =

k =1
It follows that d; = 1 for all <. O

n

&> di=d
=1

We now want to demonstrate the fact hinted at earlier — there exist R-matrices
R such that \g is ergodic on the C*-algebra O4, but not on the von Neumann
algebra M (or, analogously, ergodic on Fy but not on N). For this, we need a
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result that improves the absence of non-trivial algebraic fixed points (Prop. 7.10)
to absence of non-trivial fixed points in Oy.

The arguments in the following proof are generalisations of arguments given
in [MT93]. Note that the Yang-Baxter equation is not used here.

Proposition 7.13. Let U € U(F,) and v € U(F)) such that there exists i €
{1,...,d} withvS; = z- S; for some z € T. If S; € (A, \uy), then O3V = C.

Proof. Tn view of Prop. 7.3 it is enough to show that F,” = C. Let 2 € F,V be
a fixed point. Writing T' := S; for the intertwiner, the assumption T € (A, \y)
implies

(7.12) Th(v) = \p(2)T = 2T = x =\ (T*2T).

Since \;H(T) = v71S; = 1T, we see that A\;' commutes with adT*. We
therefore have x = T*\*(z)T, which we may iterate to

(7.13) x = (T)"\,"(z)T", n € N.

We now show that this implies z € C. Indeed, if = lies in F}* for some m € N,
then so does A, "(z), and thus T*"\;"(z)T™ € C for all n > m. This already
shows that Ay admits no non-trivial algebraic fixed points.

If x € F; is a non-algebraic fixed point of Ay, we consider a sequence
(r1)ken C °Fy converging in norm to z. For any k, there exists n(k) € N
such that for all n > n(k), we have T*" A\ ™ (xy)T™ = g - 1 for an n-independent
complex number . Given k,l € N, we then have for n > max{n(k),n(l)}

e = gl = TN (e — &) T|| < g, — @),
and it follows that u; converges to a limit pu as k — oc.
To show that x = p - 1, let n, k € N be arbitrary. We have
& — ll = T\ (@) T = u
< TN (@ = ) T + TN (@) T — el =+ [ —
<l = @l + 17N () T = sl + [x — el
Given € > 0, we can choose k large enough such that ||z —z|| < ¢ and |p—px| <

e. Choosing n > n(k), we also have T*"\;"(x;)T" — p, = 0 and conclude
|z — pl| < 2e. O

We mention as an aside that this proposition still holds when U is an arbitrary
unitary in ;. Since we will not need this stronger version, we refrain from
giving the proof.

Let us now look at an explicit example.

Ezample 7.14. Consider the normal form R-matrix N := 1,81, € R(3). We
claim that

(7.14) O3 =C, N £C.

The non-ergodicity of Ay on N, i.e. N*¥ # C, follows from Prop. 7.12 because
N is an involutive normal form with dimensions d; = 2,dy = 1.

To demonstrate ergodicity of Ay on Oz, we will verify the conditions of
Prop. 7.13 with v = 1 and i = 3, i.e. show that S3 is an intertwiner from
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id to Ax. We have to show S35; = NS;S5 and S35 = S;NS; for i = 1,2,3
(note that N = N*).

The R-matrix is here N = Zikl’m:l Nf:LSjSkS;;S[‘ and its matrix elements
satisfy N5/ = §16% = NjF by definition of N (note that N = FNF). Thus,
i1=1,2,3,

NS;Ss= > NjkS;8.S:5:S:iS5 =Y Ni'S;S, = S5

j’kal7m:1 _],kzl
and
3 " 3
% o j * Ok _ ik * *
SINS; =S S Ni¥S;8.S5S18s = 3 Nit§.Sk = 858;
7.k, lm=1 km=1

which finishes the proof. With a little more effort, one shows
AN (S1) = 515157 + 515255 + 535155,
An(S2) = 595157 + 595955 + 535253,
An(S3) = 515557 + 5253555 + 535555,

For completeness, we also mention that in this example, My; = C & C
(Cor. 6.3), i.e. Ay = p @ id with some irreducible non-trivial endomorphism .
Since the intertwiner 7" for p < Ay must generate together with S3 a copy of
05, which does not exist within O, this decomposition can only hold on the
level of the associated von Neumann algebras, i.e. T'€ M D Oj.

In Section 8, we discuss another example in which the algebraic part of

the fixed point algebra is infinite dimensional and can be described explicitly
(Prop. 8.2).

To conclude this section, we compare ergodicity and irreducibility. Note that
(Fi)*e and Mg, (or Ngry) are commuting subalgebras of F} because trivially
(FOM C Ag(F}). This leads to the following observation, independent of the
Yang-Baxter equation.

Lemma 7.15. Let R € U(F3) with d prime. Then either Mr, = C or
(F =

Proof. Let p € Mg, and q € (F))*? be orthogonal projections. Then R*pR =
©(p) (3.1) and ¢ = Ag(q) = RqR*, and therefore

pq = Rp(p)R*RqR* = Ro(p)qR™.

As p and ¢ commute, pg = pAq. Evaluating in 7 gives 7(pAq) = 7(Rp(p)qR*) =
7(p)7(q), which is equivalent to d Tr(p A ¢) = Tr(p)Tr(g) with Tr the matrix
trace of Fi = My. Taking into account that as selfadjoint projections, p, ¢, and
pAq have traces in {0, ...,d}, and that d is prime, it follows that Tr(p) € {0, d}
or Tr(q) € {0,d}. Thus either p or ¢ has to be a trivial projection. ([l

If d = n-m is not prime, there exist R-matrices such that A\g is reducible
and has non-trivial fixed points in . Such R-matrices can be constructed as
tensor products R = SXT, where R € R(n) is chosen such that Ag is reducible
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(e.g., the flip) and S € R(m) is chosen such that Ag has non-trivial fixed points
in F (see Section 4.1).

So far we do not know any R-matrices that are both irreducible and ergodic.
It is possible that irreducibility implies the existence of non-trivial fixed points.

8. TWO-DIMENSIONAL R-MATRICES

As a concrete family of examples, we consider in this section R-matrices in
dimension d = 2. In [Hie92], all solutions to the Yang-Baxter equation have
been computed, including non-unitary and non-involutive ones. In [Dye03], the
unitary solutions have been singled out: R(2) consists precisely of all those
matrices R which are of the form R = (Q ® Q)R;(Q ® Q)~!, where R;, i =
1,...,4, is one of the following R-matrices and @ € End C? is invertible and
satisfies certain restrictions ensuring that R is unitary'®.

(8.1) Ri=¢q-1, qe T,
p
(8.2) Ry = . g : p,q,r,s €T,
s
p
(8.3) Rs = 1 . ., qpreT,
r
11
(8.4) R4:\3§ -1 T
1 1

Note that Rj is not always unitary because only |pr| = 1 is required, and also
(@ is not necessarily unitary.

For our purposes, it is better to present the elements of R(2) in the form
Mo(R) 2 (u®@u)Ri(u ®u)~, where both u € Fy and R; € F3 are unitary.

Theorem 8.1. A matriz R € F% lies in R(2) if and only if there exists u €
U(F)) and i € {1,...,4} such that R = \,(R;), where all parameters p,q,r, s
appearing in the representatives Ry, ..., Ry have modulus 1.

Proof. The “if” part of the statement follows by noting that when the parame-
ters p,q,r, s have modulus 1, then Ry,..., Ry € R(2). For the “only if” state-

ment, we first note that for ) = (é 2) with @ = y/|p|, the transformed matrix

(Q®Q)R3(Q ® Q) is of the same form as Rz, but with all parameters having
unit modulus. We may therefore without loss of generality take all parameters
to have unit modulus, i.e. all representatives Ry, ..., R4 to be unitary.

13In this section (only), the notation R; refers to the specific R-matrices listed here, and
not to (2.4).
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Let now R = (Q ® Q)R;(Q ® Q) ! for some invertible Q € End C? and R;
unitary. Then R* = R™! is equivalent to R; commuting with |Q|> ® |Q]?, where
|Q*> = Q*Q. Thus R; also commutes with |Q| ® |Q|. Proceeding to the polar
decomposition Q = U|Q|, U € U(F,), we then have

=(QeQQR(Q®Q)" = UaU)(IQ®|QNR(QI® Q) (U eU™)
= U U)RU 'o@U ™) =\(R).
This establishes that R is of the claimed form. OJ
In Cuntz algebra notation, the representatives Ry, ..., R4 take the form
8.5) Ri=q-1,
.6) Ry = p 51515757 + q 51525755 + 155515557 + 552525555,
) Rs = p 51515555 + q 51525557 + q 52515755 + r 52525757,
-8)

Ry = ;5 (14 (S1S7 — $250)p(—S1S5 + S257)) .

By explicit calculations, one verifies that if R = A\,(R;), then also its adjoint R*
and its flipped version FRF are of this form, i.e. R* = A\, (R;) and FRF =
A (R;) for suitable u', u” € U(Fy), and the same'* i. In particular, equivalences
of type 1 and type 3 (see p. 26) leave the families {\,(R;) : v € U(F])}
invariant.

However, type 2 equivalences can change the representative R;. Indeed,

Mi(R3) = Ry for u = (0 “) with a = \/p/q, but ¢(u)Rzp(u)* equals the second

10
representative Ry after suitable identification of parameters.

(
(
(
(

co oo 0o

Below we give a table summarizing key features of the endomorphisms corre-
sponding to the R-matrices R = A\, (R;), i = 1,...,4. Note that irreducibility
and ergodicity of R do not depend on u as both properties are invariant under
type 1 equivalences. The index in the third column is [N : Ag(N)] = Indg, (Ar).

[ # | Representative Mg Ind. Fixed point algebras |
AR ~ =
1 q-1 C (automorphism) 1 O?\R N F2 ord(q) = oo
02 = OQOrd(q)
p
q My p=7r,q=Ss AR —
2 r Ce@ Celse 4 Nm=C
s
Y 2
q (C @ C q = pr A
3 4 Nm=C
q C  FFpr
r
11
- ; AR _
PRI B C ,  dim PR = oo
vz 1 -1 see Prop. 8.2
1 1

14The only non-trivial thing to do is to find u € U(F3) such that FR,F = \,(R4); here

U = %(:2 f) works.



YANG-BAXTER ENDOMORPHISMS 53

Proof of the claims in the table: We go through families 1-4. The R-matrices
in family 1 define automorphisms (hence Ind Az = 1), and the form of the fixed
point algebra has been commented on before (remark after Prop. 7.9).

For the diagonal R-matrices in family 2, Prop. 6.3 b) shows that A\r decom-
poses into two quasi-free automorphisms which are either equivalent (if p = r
and ¢ = s) or inequivalent (if p # r or ¢ # s). This implies the claimed form
of the relative commutant and shows Ind A\ = 4 in both cases. Since Rs is
diagonal, its ergodicity follows from Cor. 7.7.

For the “anti-diagonal” R-matrices in family 2, one computes

C q* # pr

Mi, = {x € F} : RixRy = p(x)} = {C BC P

In the second case, Ag is equivalent to the direct sum of two inequivalent auto-
morphisms, and Ind A\ = 4. In the first case, Ay is irreducible and R has the
three distinct eigenvalues ¢, \/pr, —/pr. As the cardinality of the spectrum is
a lower bound for Ind A (6.4), and in d = 2, the index of Ag may only take the
values 1,2, or 4 [CP96, Prop. 9.9], we see Ind Ag = 4 also in this case.

Each member of family 3 is type 2 equivalent to a member of family 2, i.e.
Rs =~ Ry, and the equivalence relation ~ preserves ergodicity (Remark 7.4).
Hence family 3 is ergodic as well.

Due to the block form of the representative R, for the last family, 5157 € F,
is seen to be a fixed point of Ag,. Its fixed point algebra will be described in
more detail below. Since d = 2 is prime, Ag is irreducible (Lemma 7.15). O

The R-matrix Ry (8.4) is special from various points of view: Up to applying
quasi-free automorphisms, R4 is the unique non-trivial R-matrix in R(2) for
which Ag is not ergodic, and the unique R-matrix in R(2) with index 2. We
also mention that R, generates a representation of the Temperley-Lieb algebra
at loop parameter § = %, and satisfies R} € C. Furthermore, Ag,(O) is the
fixed point algebra of an explicit order two automorphism a € Aut Oy [CF00].
The images of the braid group representations pr(B,,) are described in [FRW06]
in terms of extraspecial 2-groups, and its relevance for topological quantum
computing is discussed in [[KX1.04]. A variation of R, also appears in the exchange
algebra of light-cone fields in the Ising model [RS87]

In view of this interest in Ry, it might be useful to indicate how it can be
obtained systematically from the results of this article. We look for a non-
trivial matrix R € My ® My = M, that is a unitary solution of the Yang-Baxter
equation such that A is irreducible and has non-trivial fixed points in F. Then
we know that a) R has trivial left and right partial traces ¢pp(R) = ¢p(FRF) =
7(R), and b) there is a one-dimensional projection p € F. that commutes

with R. Choose a basis of C? such that p = (é 8) (this amounts to applying a
quasi-free automorphism to R). Then a), b) imply that R is of the form

a b

(8.9) ¢ d
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with a,b, c,d € C. At this stage, it is not difficult to implement the requirements
that R is unitary and solves the Yang-Baxter equation. One finds that non-
triviality requires b,c # 0, and the YBE then implies d = a and ¢ = —a?/b.
Implementing unitarity yields the form (8.4).

To conclude this discussion, we now describe the fixed points of A\g, in F; in
more detail. To this end, we use the standard Pauli matrices og,...,03 as a
basis for M, = F;, with oq = 1.

Proposition 8.2. An element x € F3, n € N, is a fized point of A\, if and
only if it is a linear combination of elements of the form o;, (0, - " (o3, ),
where the following three conditions are satisfied:

a) i, € {0, 3},

b) If ix, € {0,2} for some k € {2,...,n}, then ix_y € {0,3},

c) If ix, € {1,3} for some k € {2,...,n}, then ix_y € {1,2}.

We have dim(Fy)*e = 27 and Nv = (OF,7)".
Proof. The first step is to realise that the R-matrix R4 has the form

q .
Ry = —=(1 +io3p(02)).
4 \/ﬁ( 3¢(02))
Thus z € F, is a fixed point of Ag, if and only if it commutes with ¢™(95),
m € Ny, where S := g3¢(09) (cf. Prop. 7.1 b)). Recall that the Pauli matrices
satisfy o; = 0 = 0; " and

+o; j€{0,i}
—o; else '

(810) 0,0;0; = {
Let z be a linear combination of elements of the form o;, () -+ " (03,).
In view of the action (8.10), it follows that z is a fixed point if and only if
each term in its expansion into this basis is a fixed point, i.e. we may take
= 04,p0(04,) " (0;,) without loss of generality.

Since o3 = 1, we have

n—1

ad "1 (S)(x) = 03, 0(0,) - 9" (0301,03),

which coincides with x if and only if o30;,03 = 0;,, i.e. if and only if 4,, € {0,3}
as claimed in a). Similarly,

ad " 71(8)(x) = 05, 0(0%,) - -+ 9" (0303,03) 0" (0207, 02) - " (04,),
which coincides with x if and only if either o030y, , 02 = 0y, ., and 030y, 03 = 03y,
or 0905,,,00 = —0;,,, and 030,03 = —o0;,. By (8.10) this gives the listed
conditions b) and c).

A dimension count gives dim(Fy) e = 2",

In view of the product form of o3p(0s), it is easy to see that A% is invariant
under the T-preserving conditional expectations E,, : N' — F&. This invariance
implies that any € N can be approximated weakly by the sequence of fixed
points {E,(z) }nen, and hence N7 = (OF, &) O

This result implies in particular that [NV : Lg,] = oc.
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