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Abstract

Two recent deformation schemes for quantum field theories on two-dimensional Minkowski
space, making use of deformed field operators and Longo-Witten endomorphisms, respec-
tively, are shown to be equivalent.
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1 Deformations of QFTs by inner functions and their roots

In recent years, there has been a lot of interest in deformations of quantum field theories
[GL07, BSOS, BLS11, DT11, LW11, LR12, MM11, Lec12, Tan12, BT12, Alal2, Mucl2, Plal2]
in the sense of specific procedures modifying quantum field theoretic models on Minkowski
space, mostly motivated by the desire to construct new models in a non-perturbative manner.
Various constructions have been invented, relying on different methods such as smooth group
actions, non-commutative geometry, chiral conformal field theory, boundary quantum field
theory, and inverse scattering theory.

In many situations, it is possible to set up the deformation in such a way that Poincaré
covariance is completely preserved and locality partly. More precisely, often times the de-
formation introduces operators which are no longer localized in arbitrarily small regions of
spacetime, but rather in unbounded regions like a Rindler wedge W := {z € RY : 21 > |z|}.
In the operator-algebraic framework of quantum field theory [Haa96], such a wedge-local
Poincaré covariant model can be conveniently described by a so-called Borchers triple (M, U, Q)
[Bor92, BLS11], consisting of a von Neumann algebra M of operators localized in the wedge
W, a suitable representation U of the translations, and an invariant (vacuum) vector €2 (see
Def. 1.2 below). Depending on the method at hand, the von Neumann algebra M is generated
by different objects, like deformed field operators or twisted chiral observables.

It is the aim of this letter to show that some of the constructions on two-dimensional
Minkowski space are identical in the sense of unitary equivalence of their associated Borchers
triples. More precisely, we will show that the deformations presented in [Tan12], starting from
a chiral field theory, are equivalent to the deformations in terms of deformed field operators,
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presented in [Lec12], for mass m = 0 and dimension d = 1+ 1 (Section 2). In the special case
of the so-called warped convolution deformation [BLS11], such an equivalence was already
observed in [Tan12]. Here we prove that also for the infinite family of deformations considered
in [Lecl2], one obtains the same construction as in [Tan12] in the chiral situation, where the
deformation amounts to a unitary equivalence transformation by a Longo-Witten endomor-
phism [LW11] on each light ray. Furthermore, we will show that certain aspects of the chiral
construction carry over to the massive situation (Section 3).

The deformations we are interested in here take certain families of analytic functions as
input parameters, the relations of which we will now clarify. We will write H C C for the open
upper half plane, S(0,7) :={¢ € C : 0 < Im( < 7} for the strip, and H*>*(H), H*(S(0,))
for the Hardy spaces of bounded analytic functions on these domains. Recall that for a function
[ € H>®(H), the limit lim.\ o f(t+1ic) exists almost everywhere! and defines a boundary value
function in L*°(R). The same holds for functions in H*(S(0, 7)) and their boundary values
at R and R + im.

Definition 1.1. i) A symmetric inner function is a function ¢ € H*(H) whose boundary
values on the real line satisfy o(t) = @(t)~' = p(—t) for almost all t € R.

i) A root of a symmetric inner function ¢ is a function R € L®(R) such that R(t) =
R(t)™' = R(—t) and R(t)?> = o(t) for almost all t € R. The family of all roots of
symmetric inner functions will be denoted R.

iii) A scattering function is a function S € H*®(S(0, 7)) whose boundary values satisfy S(0) =

S(0)~t = S(—0) = S(im + 0) for almost all 6 € R.

Symmetric inner functions provide the input into deformations making use of Longo-Witten
endomorphisms [LW11, Tan12, LR12, BT12], whereas scattering functions are used in inverse
scattering approaches such as [Lec03, BLM11]. For convenience, the latter are usually defined
with the additional requirement of extending continuously to the closure of S(0, 7). However,
going through the construction, say in [Lec03], one realizes that this continuity assumption is
not necessary. What is required is that the boundary conditions on S hold almost everywhere,
the boundary values are regular enough to define multiplication operators on L?(R), and for
f € H*®(S(0,7)) with Schwartz boundary values, [0,7] 3 X — [ df f(0 + iX)S(0 + i)) is
continuous. As this is the case for any S € H*°(S(0, 7)), one can just as well work with the
more general definition of scattering function given above.

We also note that scattering functions and symmetric inner functions are in one to one
correspondence by S((¢) := ¢(sinh (), ¢ € S(0, 7). As sinh(im + () = —sinh ¢ = sinh(—(), this
identification produces the required properties of the boundary values in Def. 1.1 4i7). On the
other hand, ¢(z) := S(sinh™! 2), z € H, is well-defined and analytic because of the crossing
symmetry S(ir + 0) = S(—0) of S. This identification of the strip and the half plane via sinh
is the one encountered in massive theories [GLO7]. In massless theories, also the identification
exp : S(0, ) — H occurs [LW11], and under this identification, scattering functions correspond
to the subset of symmetric inner functions with the additional symmetry o(t) = @(t~1) , see
(1.13) below.

Regarding Def. 1.1 i), we note that each symmetric inner function has infinitely many
different roots, and the family of roots R contains all symmetric inner functions because
Def. 1.1 i) is stable under taking squares. These roots are the input into the deformations
in [Lecl2, Alal2, Plal2], where under additional regularity assumptions, they are called de-
formation functions. We note that these additional requirements are only necessary when

!By “almost everywhere” (a.e.) and “almost all” we always refer to Lebesgue measure on RR.
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working on the tensor algebra of testfunctions [Lec12], but not when working directly on a
representation space such as in [Alal2]. In particular, the roots will not be required to be
analytic, and also the condition R(0) = 1 [Lec12], related to fixing a root of an inner function,
will not be assumed here.

In the following, we will be concerned with deformations of free field theories of mass m > 0
on two-dimensional Minkowski space, and now set up some standard notation for this. We
will be working on the Bose Fock space

H:=T(H1), Hy = L*(R, mii()p)) , wm(p) == (m® +pH)1/2.

Its Fock vacuum will be denoted €2, and we have the usual representation I'(U;) of the proper
Poincaré group as the second quantization of

[U1(, \) W) (p) = e/ oem =210 Wy (Ap) - [UL(j)Wa](p) = Ta(p), (L.1)

where = (z0,71) € R? is the translation, A € R denotes the boost rapidity parameter,
Ap := —sinh A - wy,(p) + cosh A - p, and j(x) = —z is the space-time reflection. We will also
write U(z) := I'(Ui(x,0)) for the translations.

From an operator-algebraic point of view, a wedge-local quantum field theory is equivalent
to a Borchers triple.

Definition 1.2. A Borchers triple (M, U, Q) on R? consists of a von Neumann algebra M C
B(H), a strongly continuous unitary positive energy representation U of the translation group
R? on H, and a U-invariant unit vector Q € H such that

i) U(x)MU(z)~t C M for any x € W,

it) Q is cyclic and separating for M.
Two Borchers triples (M, U, Q) and (M, U,Q) will be called equivalent, written (M, U,
(M, U,Q), if there exists a unitary V such that VMV* = M, VU(z)V* = Uz
zeR2, and VQ = Q.

U, Q) =
) for all

Recall that by a famous theorem of Borchers [Bor92], the representation U can be extended
to a (anti-) unitary representation Uy of the proper Poincaré group P4 with the help of the
modular data Jyg, Aag of (M, Q), b

U@, \) = U@)A,  Un(f) = g (1.2)

As is well known, a Borchers triple gives rise to a Poincaré-covariant net of wedge algebras
[Bor92], which can under further conditions be extended to a net of double cone algebras
[BLO4, Lec08]. We will not discuss the extension question here, but rather focus on the wedge-
local aspects only. Note that the net of wedge algebras generated from a Borchers triple
(M, U, Q) will transform covariantly under a representation Ujy of the Poincaré group which
depends on M. However, in the case of two equivalent Borchers triples (M, U, Q) = (M, U, Q),
modular theory tells us that the modular data of (M, Q) and (M, Q) are related by V.Jy,V* =
J ot VA%V* = Aif;l, i.e. equivalence of Borchers triples implies equivalence of the associated
wedge-local nets including their representations Uy = Uy of the proper Lorentz group.

A particular example of a Borchers triple is provided by the model of a free scalar quan-
tum field: Let a(¢) and af(¢) := a(£)*, € € H1, denote the standard CCR annihilation and
creation operators on H, and for f € .7 (R?), let

Om(f) =ad' (fF)+a(f7),  f5p) = f(Fwm(p), +p), (1.3)



denote the free Klein-Gordon field of mass m > 0 (with f restricted to derivative test functions
in the case m = 0 because of the well-known infrared divergence in the measure @). With the

wedge algebra g
Mo, = {expion(f) : f e SrRW)}, (1.4)

the Fock translations U (1.1) and the Fock vacuum €, we then have a Borchers triple (M,,, U, ).
In this case, the modular data of (M,,,2) reproduce the Poincaré representation (1.1), i.e.
Um,, = I'(U1). For convenience of notation, we will write

Ji=Jm, =T(U(), A=A, =T(Uy(0,-2nt)). (1.5)

Fixing the representation U of the translations and the vector (2, the algebra M,, is
however by no means the only von Neumann algebra completing U, ) to a Borchers triple.
In the following, we will introduce for each R € R two von Neumann algebras Mg, Ng
with this property, obtained by (generalizations of) the deformation procedures in [Lecl2]
and [Tanl2], respectively. For R = 1, both families reduce to the undeformed situation, i.e.
Ml,m == va Nl = MO.

To define the first set of deformed wedge algebras Mg ,,, we introduce a unitary-valued
function Thm : R — U(H) [Lecl2]

n

[TR,m(p)\Il]n(plv cee 7pn) = H Rm(p7pk) ' qj’n(pl’ ce 7pn) . (16)
k=1

Here the function R,, € L>°(IR?) is in the case of positive mass defined as

Ry(p.q) == R(A(wm(@)p — wm(p)g)), m>0, (1.7)
1

where the factor 5 is a matter of convention. Taking the limit m — 0, one observes that the

argument %(|q\p — |plg) of R vanishes if p and ¢ have the same sign. As the root R is only
defined up to equivalence in L>®(IR), its value at 0 is not fixed. We therefore define

R(-pq) ; p>0,¢<0

Ro(p,q) :==q R(+pg) ; p<0,g>0 : (1.8)
1 i p>0,g>0o0r p<0,g<0

Note that for any mass m > 0, we have for almost all p,q € R
Rp(q,p) = Ru(p,q)~",  m>0. (1.9)

The assignment ar(p) := a(p)Tr,m(p) defines an operator-valued distribution for any R €
‘R, which explicitly acts on a vector W of finite particle number according to, £ € H;,

dq
wm(q)

[ar(&)Y]n(p1,---,Pn) = VN + 1/ &(q) f[ Rin(¢:p0)¥nsa1(q,p1,---,0n) - (1.10)
k=1

Its adjoint is denoted a};(f ) :=ar(€)*, and the corresponding deformed field operator is

Srm(f) = ab(f) +ar(f7),  feS(R?). (1.11)

As ¢pm(f) is essentially self-adjoint on the subspace of finite particle number for real f, one
can pass to the generated von Neumann algebra

Mpm = {expidrm(f) : f€ISRW)}. (1.12)
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Theorem 1.3. Let R € R and m > 0. Then (Mg, U, Q) is a Borchers triple with modular
data Iy, = J and A%Rm = A%,

For m > 0, this has been established in [Lec12], and for m = 0, one can use essentially the
same proofs, so that we do not have to go into details here. In fact, as for m = 0 the mass
shell decomposes into two half-rays which are left invariant by the Lorentz boosts, one can in
this case more generally consider three roots R, Ri, Ry € R, with the additional requirement

Rp(t) = Rp(t1) for almost all t € R, k = 1,2, and put

R(-pq) ; p>0,¢<0
R(+pq) ; p<0,¢>0

Also with this more general definition of Ry, the algebra Mgy completes U, {2 to a Borchers
triple. In the terminology of [FS93], the functions Rj, R govern the left-left and right-right
“scattering” of the model, whereas R determines the left-right (wave) scattering [Buc77, DT11].
If R =1, the corresponding model is chiral — this is in particular the case for the short distance
scaling limits of the models generated by the massive wedge algebras Mg ,, m > 0. In this
context one finds R = 1, Ry(t)? = Ra(t)? = ¢(t — t~!) with some symmetric inner function
¢ [BLM11]. For the purposes of this letter, we will however restrict ourselves to the case
R; = Ry =1 (1.8), which corresponds to the construction in [Tan12].

To define the second set of deformed wedge algebras Ng, one works in the massless case
m = 0, and uses the chiral structure present in this situation. Here the Fock space, the repre-
sentation U, the invariant vector 2, and the wedge algebra My split into two (chiral) factors.
With HT := L*(Ra, %"), we have Hy = H{ & H] and

HEHY @, HE=THT), (1.14)
020, ®0, (1.15)
Ulx)=Z2Up(z-)@U_(24), Ty =x0 ka7, (1.16)
Mo = Mo+ @ Mo, (1.17)

where Q4 denotes the Fock vacuum in H*. The canonical unitary V : H* @ H~ — H realizing
the above isomorphisms is recalled in (2.4). Note that

V*T(Uy (2, \)V =Ty (U4 (2—,\) @ T_(Ur_ (24, \)) , (1.18)
VT(U1(7)V =T (U1+(7) @ T—(U1,-(4)) , (1.19)

where T'y denotes second quantization on HE, with (Uy + (24, \)¥1)(p) = eP*+ Wy (T - p)
and (U1,+(7)¥1)(p) = Vi(p). For the sake of a concise notation, we will write

Jo =T (U1+(j)) @ T-(U1,-(j)) = V"IV, (1.20)
AL :=T4(U1,+(0, —27t)) @ T_(U1,— (0, —27t)) = VA"V . (1.21)

Given R € R, one introduces the unitary Sg € U(HT @ H™) [Tanl2],

[SR\Il]nyn/(plv"')pnuqla"'7QTL') = H RO(pian)'\Ijn,n/(plu"'7pn7q17'")qn’)7 (122)
i=1...n
j=1..n’



and defines the von Neumann algebra
Ng = (./\/lo’_;_ ® 1) \Y SRQ(l ® ./\/lo’_) 7%2 . (1.23)

Theorem 1.4. Let R € R. Then (Ng, U+ @ U_, Q4 ® Q_) is a Borchers triple with modular
data Jy, = SgeJg and AK/R = AL

This theorem has been proven in [Tanl2]. From (1.23), it is clear that Ny depends on R
only via the symmetric inner function R?.
Our results can now compactly be summarized as follows (R € R, m > 0):

o N, Uy @U_, Qs @Q_) = (Mpo,U,Q) (Theorem 2.4).
o (Mp,m,U,Q) 2 (Mpg,m,U,Q) if and only if R? = R3 (Proposition 3.2).

As R? is essentially the two-particle S-matrix of the model described by the Borchers triple
(MRm, U, Q), the last result amounts to a proof of uniqueness of the solution of the inverse
scattering problem in the setting of the deformations studied here. In case of continuous R,
such an effect was already observed in [Alal2], and for a characterization of massless nets
through their wave S-matrix and asymptotic algebra, see [Tan12].

The convenient deformation formula (1.23) is a result of the chiral structure present in the
massless case, and has no direct analogue in the massive case. In Section 3, we will discuss
why the situation is more complex in the massive case even though (formal) relations betwwen
deformed and undeformed creation and annihilation operators still exist.

2 Equivalence of the two deformations in the massless case

The aim of this section is to demonstrate the equivalence of the mass zero Borchers triples
(Mpo,U,Q) (1.12) and (Nr, U+ @ U_,Q4 @ U-) (1.23) for arbitrary roots R € R. From
Theorem 1.3 and Theorem 1.4, we see that the modular groups of these von Neumann algebras
coincide with the one parameter boost groups on their respective Hilbert spaces, but their
modular conjugations differ by Sge, i.e. we have Jyy, = Sp2V*Jprp V' with the canonical
unitary V : HT @H~ — H (2.4). We will therefore in a first step go over to an equivalent form
of Mg which has modular conjugation V*J, roV, without the factor Sge. In general, this can
be accomplished by conjugating with a root of the “S-matrix” Ja, V* I,V [Wol92], and in
our present situation, this amounts to considering

Npg = SH(Mo 4 @ 1)SrV Sp(1© Mo_)Sh. (2.1)

Lemma 2.1. Let R € R. Then (NR, Uy @ U_,Q4 ®Q_) is a Borchers triple equivalent to
(Nr, Up @ U_, Q4 ® Q_), with modular data

I, = Jeo Aj\?/R = AL (2.2)

Proof. As Sg (1.22) satisfies S% = Sg2, we have the unitary equivalence of algebras Ngp =
SHNRSR. The unitary Sg clearly commutes with all translations U (z—) @ U_(z4) and leaves
Qy ® Q_ invariant. Hence (Ng, Uy @ U_,Q; @ Q_) = (Ng, Uy @ U_,Q, ® Q_); this also
shows that (NR, U @U-,Q ®Q_) is a Borchers triple.

Regarding the modular data of (./\7 R, Q4 ® Q_), we first have by modular theory

JNR = SEJNRSR, A%[R = SEAK/’RSR = S}%A%‘S’R (23)
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Taking into account the action of I'y+(U; +(0,)), one sees from (1.8) and (1.22) that Sg
commutes with the Lorentz boosts. As these coincide with the modular unitaries Ag, the
second equation in (2.2) follows. To establish the claimed form of the modular conjugation,
we note JgSg = SiJg = SiJg and compute

Jx, = SkINzSR = SpSR2Je Sk = SESESRIe = Jo -
This completes the proof. ]

The equivalence between the two deformed Borchers triples with wedge algebras Mg g and
Nz will now be established using the creation and annihilation operators into which the fields
generating My can be decomposed. Corresponding to the splitting My = Mo+ ® My we
have creation and annihilation operators a4, al acting on H7.

In the following, we will always suppress the canonical embeddings ¢/} : (7—[%)‘8” — H?",
(YUY (p1y ey pn) 1= UE(py1, .oy pn) for pr,y ., pn € Ry and (L) (py, ..., pn) := 0 otherwise.
With these embeddings understood, Hy = H{ & H;, and hence H = H T ® H~. This isomor-

phism is given explicitly by a unitary
ViH T @H —H,

which is uniquely determined by its action on the total set [Gui72] of “exponential vectors”

Uy . o] 1 ®n
el = n=0 ﬁ\:[ll by

VeV @) =% W e W e H . (2.4)

The definitions of Mgy and Nz make use of the realizations of H as I'(H] @ H;) and
D(H{)®T(H]), respectively. We will work on H = I'(H{ @H; ), and first compute an explicit
expression of Sp on this space.

Lemma 2.2. Let R € R and Sg := VSRV*. Then, ¥ € H,

A

[SrRY] (p1,---pn) = [] Rg (pispj) - Ynlpr, .. pn), (2.5)
ij=1

where
R(-pg) p>0,g<0
1 else '

R§ (p,q) :{

Proof. As exponential vectors form a total set in H, it is sufficient to compute Sk on V18P

to verify (2.5). The action of V' from (2.4) on vectors = = ?z?mzo Enm € @fﬁm:o((%f)@)sn ®
(H7)®™) =HT @ H~ is explicitly given by

n 1/2
—_ n —_
Sln = ymin, Zgn—k .
[VE] L] S (2.6)
k=0
where for f: R" — C,
1
[Symmn f](plu L 7pn) = ﬁ Z@ f(pﬂ'(l)7 s 7p7r(n))
Teln

denotes total symmetrization.



Combining this with (1.22), we find

n

1/2
N n
(SR ™), (p1, . pp) = Z (k) Symm,, (Sg(e”" ® e® ) k) (P1, - -, Pn)

1
_ Z ( > /2 i Z R(J)r(pw(i%pw(j))‘l/l(pw(l))'"\Ijl(pw(k))'(I)l(pw(k-i-l))"'q)l(pﬂ'(n)).
= n! 6 VEL/(n =)

n

In the second line, Ry was replaced by Rar , which does not change the result since the factors
of ¥y and @ (explicitly writing out the embedding ¥ ocy and ®10:_) are equal to one unless
Pr(i) > 0 and prj) <0, and Ro(p,q) = R{ (p,q) for p >0, ¢ < 0.

Next we change the range of indices i = 1,...,k, j = k+ 1,...,n of the product to ¢ =
1,...,n, 5 = 1,...,n. This does not change the result because for the indices ¢, j which were
not present before, we have R (Pr(i)s Pr(;)) = 1 on the support of the remaining factors.
After these manipulations, (p1,...,pn) = [1i'j=1 R§ (Pr(i)> Pr(5)) 18 a totally symmetric function
independent of 7 and k. Thus we get

[Sr(e"*®)],(p1,. .., pn)

n " (n)?1 U (Prr)) - P1(Pr(rr1)  PU(Pr())
— 1T R (o) () 1(Pr(r) (k1) r(n)
1 w3 (3) 5 % = VN ]

and the proof is finished. O

After these preparations, we can now state the precise relation between the generators
appearing in the two types of deformations.

Proposition 2.3. Let R € R be a root of a symmetric inner function. Then, 1 € Hf,

an(s) = VSilas (64) @ DSRV®,  ap(b) = VSplas(b) @ DSEV*.  (2.7)
Proof. Let ¥ € H be a vector of finite particle number. Using a oty = V(ay ® 1)V,
aot_ =V(1®a_)V* and the corresponding relations for al and al, we can equivalently show

5’}}(1(7,/14_)5*3 =ar(yy), S’Ra(w_)gj{z = ar(1—). To this end, we compute (p1,...,p, € R):

A~ A n dq Ok
[SRQ(¢)SR‘I’]n(p17 cee )pn) - H Rg(plap]) \/n+1 | | ( )[SR\I]]H+1(q)pl7' .. apn)
oL
dq
=vVn+1 H R¢ (pi, ;) |q’ H R (pi,pjr) H (¢, k) RS (ks @) Wy 1 (g5 P15 s Pn)
i,j=1 i,j'=1 =
fe’e) dq n._.
n+1{ / 0 7@ LR @p @) (2.8)

0 dq
+/ HR() pka n-i—l(q?pla"'apn) )
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where in the last equality Rj (p,¢) = 1 unless p > 0 and ¢ < 0 was used.

On the other hand, using Ro(p, q) = Ry (p,q) for p > 0,q < 0, and Ro(p, q) = Ry (¢, p) for
p < 0,9 >0, we find

n

lar(V)¥]n(p1, ..., Pn) = \/n—i—l/‘ H 0(¢, Pk)¥nt1(q, P15 - - - s Pn)

n

n+1{/0 ¥(@) I1 Bg (@ p1)¥ns1(g,p1s- -, pn) (2.9)

k=1

n
+/ ‘q’ H pk’ n+1(Q7p17"'7pn)},

from which we read off § Ra(¢)§ % =agr(¢) for suppy C R_. For supp® C R, the remaining
integrals in (2 8) and (2.9) agree up to complex conjugation of R{; this is compensated by
using S = SR , i.e. in this case we have Sha(1)Sp = ar(¥). O

To obtain the equivalence of Borchers triples, recall that the massless field ¢y decomposes
into chiral components ¢g +, each depending on one light ray coordinate z+ = xg F 1 only,

fe S (R,

o(f) =V (do+(f+) @14+ 1® ¢o—(f-)) V", ¢o,i(f¢)Zal(fﬂmi)Jrai(f:i\Ri),
fu(Fan) = %}%/]I{dazif(é(m—%x ) by —a)) . (2.10)

The algebras in question are generated by these field operators (all of which are essentially
selfadjoint on their respective subspaces of finite particle number) by

= {ei) : fe SRmW)Y, (2.11)
/\/lo,i = {e%0U2) 1 fe (W)Y = {09 : ge Sr(Ry)}. (2.12)

We now come to the main result of this section.
Theorem 2.4. Let R € R. Then (Mpo,U,Q) = (N, U @U_, Q4 @ Q).

Proof. The equivalence (N, U @U_,Q, @ Q_) = (/\73, U @U_,Q ®Q_) was established
already, and by construction of V', we have V(U4 (2 )QU_(z4))V* = U(x) and VQ,®@0Q_ = Q.
Hence the claim follows once we have shown VN, rV* = MRpy.

By (2.1) and (2.12), Ng is generated by the bounded functions of the field operators
Sh(do+(f+) ®1)Sk and Sr(1 ® ¢o,—(f-))Sk, f+ € L (R4). Conjugating with V', we have

VSi(do.+(f1) ® 1)SrV* = Si(al (Fi 1. ) + a(Fi|w, ) Sk
= ah(filr,) + ar(Filrs) .,

where in the second step, we have used Proposition 2.3, which also holds for the creation
operators by taking adjoints. Given f; € (Ry), we find f € (W) such that f; is

recovered from f by (2.10), and f_ = 0. In this situation, f* = f+|]R+, = f+|r,, and thus

VSk(bo4(f+) ®1)SRV™ = dro(f).



As all vectors of finite particle number are analytic for these field operators, this equivalence
also holds for their associated unitaries e??r0(f) and ei0.+(+) and thus we have the inclusion
VS}%(MQ.F & 1)SRV* C MR,O-

Similarly, for the other light ray we obtain

VSr(1® o (f-)SiV* = ah(F-lr) + ar(T-|x_) = dro(f)

for suitably chosen f € (W), and hence V.Sr(1 ® Mo _)SipV* C Mpgy. Thus VNRV* C
Mpo. As Q is cyclic and separating for both VNRV* and Mg, and their modular groups

w.r.t. § coincide, Ag Krgve = VA%V* = A%ARO, the equality of von Neumann algebras

VNRV* = Mgy follows [Tak03]. O

Recall that by construction, Nz (1.23) depends on R only via the symmetric inner function
R?% ie. Ng, = Ng, if R? = R%. By the equivalences

(NR7U+ ® U_,Q+ ®Q—) = (NR7U+ ® U—7Q+ ® Q—) = (MR,Oqu Q)7

this also implies (Mg, 0,U, Q) & (Mpg,0,U, Q) if R? = R3.

3 Structure of massive deformations

The analysis in the previous section resulted in particular in two equivalence properties of the
massless deformed models: On the one hand, the two deformed Borchers triples (Mg, U, Q) =
(Nr0, Uy @ U_, 2+ ®Q_) depend only on the symmetric inner function ¢ = R?, i.e. choosing
a different root of ¢ results in an equivalent model. On the other hand, the deformed and
undeformed (chiral) fields are unitarily equivalent. This equivalence however depends on the
light ray, and thus the triples (Mg, U,Q) and (M, ,U, Q) are not equivalent for general
roots R € R.

In this section, we show that the first property also holds in the massive case, whereas the
second one only holds in a weaker sense which is specified below.

Independence of different choice of roots

We begin with a preparatory lemma.

Lemma 3.1. Let m > 0 and r € R be a root of the symmetric inner function o(t) = 1. Then
the operator

YV 0ln(p1s--son) = [ rm(isp) - Un(pr,-- - pn) (3.1)
1<i<j<n

is a well-defined unitary on H which commutes with the representation U, leaves € invariant,
and satisfies

Y, 0rm (/)Y = ¢rpm(/)¥, feS(R’), RER, VeD. (3.2)

Proof. As r is a root of 1, it takes only the values +1 and is in particular real. Hence
rm(Pj,Pi) = Tm(Di,pj) = rm(pi,pj) is symmetric and thus the product in (3.1) preserves the
totally symmetric subspace of L?(IR™), and Y, defines a unitary on the Bose Fock space H.
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It is clear that Y; commutes with translations and leaves € invariant. To establish (3.2),
we first calculate for an annihilation operator ar (1), 1 € Hi,

Yrar()Y, " Wln(p1,-- - pn)

dg —— .
=Vt L Traton) [ 55 9@) T Ronla. ) 7 Woia (0.1, o)
i<j m k=1
=V + 1] lrm(pi, ) (rm(q,pk)Rm(q,pk))\lfn+1(q,p1, <> Pn)
1<J k:l

= [ar-rR(V)¥]n(p1, - Pn)-

Thus Y,ar(¥)Y, ¥ = a,.g(¢)¥, and by taking adjoints, we also find Y, aR(¢)Y*‘P = aI.R(@Z))\I/.
As ¢ram(f) = aly(f1) + ar(f ), the claimed equivalence (3.2) follows. O

With this lemma, it is now easy to show that the Borchers triple (Mg, U, Q) is indepen-
dent of the choice of root up to equivalence.

Proposition 3.2. Let R, Ry € R be roots of the same symmetric inner function R? = R3.
Then (MR, m,U,Q) = (Mpym,U,Q), m > 0.

Proof. As R? = R3, the function r(t) := Ry(t)R2(t)~! is a root of 1 as in Lemma 3.1, i.e.
we have Y, ¢r, m(f)Y,* = dr, m(f) (3.2) for any f € #(R?). But these field operators have
the dense subspace D of vectors of finite particle number as entire analytic vectors [Lec12],
and Y, D = D. Hence the equivalence (3.2) lifts to the unitaries exp iqSRk n(f), k= 1,2,

f € #r(R?), and the von Neumann algebras they generate, Y,.M RimY, = MR, m. Since
Y, also commutes with U and leaves () invariant, the claimed equlvalence of Borchers triples
follows. m

As mentioned in Section 1, this result states that within the class of Borchers triples
considered here, the inverse scattering problem for the two-particle S-matrix R? has a unique
solution up to unitary equivalence.

Equivalence at fixed momentum

We now come to the discussion of equivalences between deformed and undeformed field oper-
ators. In the massless case, this equivalence can be expressed as, R € R,

Spa(§)Sr suppé C Ry
Sra(€)S% suppé C R’

I
o

ar(§) = {

For m > 0, the Lorentz group acts transitively on the upper mass shell, so that there is no
invariant distinction between its left and right branch. However, we still have an equivalence
of the above form at sharp momentum. Recall that for p € R, the annihilator a(p) is a well-
defined unbounded operator on the dense domain Dy C D of vectors ¥ € D of finite particle
number with continuous wave functions ¥,, € C(R"), n € N.

To implement this equivalence, we define an operator-valued function R 3 p — S rm(p) €
U(H) by

A

[SRm(P)¥n(p1, - pn) =[] B(pi+pi) Amp) - Cn(pis- - pn), (3.3)
1<i<j<n

11



where p Am ¢ := 5(wm(q)p — wm(p)q). Note that in case the root R is continuous, one has
SR(p)DO = Do.

Using R(t) = R(t)~! = R(—t), the definition of R,, (1.7), and (p+ q) Am P = ¢ Am p, We
then get

A A

[SRm(P)a(P)SRm(P) Wln(p1, .., Pn) = Vn+1 f[ R((pi +1j) Am D) - [Srm (D) Unt1 (P, p1, -, D)

1<j
=vn+l f[ (B((i+ p3) A 2)R(pi + p7) A 1)) - ﬁ R((p+ &) A p) - Y1 (P15 -1 Pn)
1<j k=1
=vn+1 ﬁ R(pk Am D) * Yni1(pP1s oy Pn)

k=1

n
= \/m H Rm p pk n—i-l(papla 7p7l)
k=1

= [ar(p)¥]n(p1; - Pn) ,

where the last equality follows from comparison with (1.10). We thus have on Dy

A

Srm(P)a(P)SrmP)* = agm(p) - (3.4)

It should be noted, that there is actually a big freedom in the choice of S Rrm(p) with this
property as it is only the adjoint action of S Rrm(p) on a(p) that matters in the end. One
manifestation of this freedom is the fact that S r0(p) for p > 0 does not agree with 5%, whereas
their adjoint action on a(p) does. For m > 0, another implementation of the equivalence is

A

(SR,m(p)\I’)n(ph cPn) = H R(Sgn(max(pj,pi) = p)Ipi Am pj|) W (p1,- -5 Pn) s
1<J

where the sign function sgn is defined with sgn(0) := —1. This can be checked by a computation
analogous to the previous one. Observe that if p is sufficiently large, this coincides with the
root of the two-particle S-matrix [Lec12], and for p sufficiently small with its inverse.

By (formally) taking adjoints one gets the same relation between af(p) and a}; m (D). How-
ever even when making this adjoint rigorous (e.g. in the sense of quadratic forms)7 one cannot
expect to get an equivalence of the Fourier transform of the deformed and undeformed field at
sharp p. One might be confused by the fact that relations transfer from the creation and anni-
hilation operators to (chiral) fields in the massless case, but one has to keep in mind that the
splitting into chiral components is not a splitting of the field according to momentum transfer
but related to a split of the one-particle Hilbert space into positive and negative momentum
parts. Thus creation and annihilation operators appear either both with positive or both
with negative momentum, so both are transformed with S R,m O 5’}"3 m- For the massive case
this mechanism is not available and therefore the relations between deformed and undeformed
creation and annihilation operators will not yield a corresponding relation between the fields.

To conclude, the structure of the wedge algebra is deformed in a very transparent manner
in the chiral situation (1.23), but not for m > 0, where one has to rely on the use of generating
fields. This observation is to some extent in parallel with the simpler structure of the wave
S-matrix in the chiral case in comparison to the many particle S-matrix in the massive case,
and deserves further investigation.

12



References

[Alal2]

[BL04]

[BLM11]

[BLS11]

[Bor92]

[BS08]

[BT12]

[Buc77]

[DT11]

[FS93]

[GLO7]

[GuiT2)
[Haa96]
[Lec03]

[Lec08]

[Lec12]

[LR12]

[LW11]

[MM11]

S. Alazzawi. Deformations of Fermionic Quantum Field Theories and Integrable Models. Lett. Math.
Phys. (2012) to appear
http://arxiv.org/abs/1203.2058v1

D. Buchholz and G. Lechner. Modular nuclearity and localization. Annales Henri Poincaré 5 (2004)
1065-1080
http://arxiv.org/abs/math-ph/0402072

H. Bostelmann, G. Lechner and G. Morsella. Scaling limits of integrable quantum field theories. Rew.
Math. Phys. 23 (2011) 1115-1156
http://arxiv.org/abs/1105.2781

D. Buchholz, G. Lechner and S. J. Summers. Warped Convolutions, Rieffel Deformations and the
Construction of Quantum Field Theories. In Commun. Math. Phys. [GL07], 95-123. BLS
http://arxiv.org/abs/1005.2656

H. Borchers. The CPT theorem in two-dimensional theories of local observables. Commun. Math.
Phys. 143 (1992) 315-332
http://projecteuclid.org/euclid.cmp/1104248958

D. Buchholz and S. J. Summers. Warped Convolutions: A Novel Tool in the Construction of Quantum
Field Theories. In E. Seiler and K. Sibold (eds.), Quantum Field Theory and Beyond: Essays in Honor
of Wolfhart Zimmermann, 107-121. World Scientific (2008)

http://arxiv.org/abs/0806.0349

M. Bischoff and Y. Tanimoto. Construction of wedge-local nets of observables through Longo-Witten
endomorphisms. II. Commun. Math. Phys. (2012) to appear
http://arxiv.org/abs/1111.1671v1l

D. Buchholz. Collision Theory for Massless Bosons. Commun. Math. Phys. 52 (1977) 147
http://projecteuclid.org/euclid.cmp/1103900494

W. Dybalski and Y. Tanimoto. Asymptotic completeness in a class of massless relativistic quantum
field theories . Commun. Math. Phys. 305 (2011) 427-440
http://arxiv.org/abs/1006.5430

P. Fendley and H. Saleur. Massless integrable quantum field theories and massless scattering in 141
dimensions. Technical Report USC-93-022 (1993)
http://arxiv.org/abs/hep-th/9310058

H. Grosse and G. Lechner. Wedge-Local Quantum Fields and Noncommutative Minkowski Space.
JHEP 11 (2007) 012
http://arxiv.org/abs/0706.3992

A. Guichardet. Symmetric Hilbert Spaces and Related Topics. Springer (1972)
R. Haag. Local Quantum Physics - Fields, Particles, Algebras. Springer, 2 edition (1996)

G. Lechner. Polarization-free quantum fields and interaction. Lett. Math. Phys. 64 (2003) 137-154
http://arxiv.org/abs/hep-th/0303062

G. Lechner. Construction of Quantum Field Theories with Factorizing S-Matrices. Commun. Math.
Phys. 277 (2008) 821-860
http://arxiv.org/abs/math-ph/0601022

G. Lechner. Deformations of quantum field theories and integrable models. Commun. Math. Phys.
312 (2012) 265-302
http://arxiv.org/abs/1104.1948

R. Longo and K. Rehren. Boundary Quantum Field Theory on the Interior of the Lorentz Hyperboloid.
Commun. Math. Phys. 311 (2012) 769-785
http://arxiv.org/abs/1103.1141

R. Longo and E. Witten. An Algebraic Construction of Boundary Quantum Field Theory . Commun.
Math. Phys. 303 (2011) 213-232
http://arxiv.org/abs/1004.0616

E. Morfa-Morales. Deformations of quantum field theories on de Sitter spacetime. J. Math. Phys. 52
(2011) 102304
http://arxiv.org/abs/1105.4856

13


http://arxiv.org/abs/1203.2058v1
http://arxiv.org/abs/math-ph/0402072
http://arxiv.org/abs/1105.2781
http://arxiv.org/abs/1005.2656
http://projecteuclid.org/euclid.cmp/1104248958
http://arxiv.org/abs/0806.0349
http://arxiv.org/abs/1111.1671v1
http://projecteuclid.org/euclid.cmp/1103900494
http://arxiv.org/abs/1006.5430
http://arxiv.org/abs/hep-th/9310058
http://arxiv.org/abs/0706.3992
http://arxiv.org/abs/hep-th/0303062
http://arxiv.org/abs/math-ph/0601022
http://arxiv.org/abs/1104.1948
http://arxiv.org/abs/1103.1141
http://arxiv.org/abs/1004.0616
http://arxiv.org/abs/1105.4856

[Mucl2] A. Much. Wedge-Local Quantum Fields on a Nonconstant Noncommutative Spacetime. J. Math.
Phys. 53 (2012) 082303
http://arxiv.org/abs/1206.4450v1

[Plal2] M. Plaschke. Wedge Local Deformations of Charged Fields leading to Anyonic Commutation Rela-
tions. Preprint (2012)
http://arxiv.org/abs/1208.6141v1

[Tak03] M. Takesaki. Theory of Operator Algebras II. Springer (2003)

[Tanl2] Y. Tanimoto. Construction of wedge-local nets of observables through Longo-Witten endomorphisms.
Commun. Math. Phys. 314 (2012) 443-469
http://arxiv.org/abs/1107.2629

[Wol92] M. Wollenberg. Notes on Perturbations of Causal Nets of Operator Algebras. SFB 288 Preprint, N2.
36 (1992) unpublished

14


http://arxiv.org/abs/1206.4450v1
http://arxiv.org/abs/1208.6141v1
http://arxiv.org/abs/1107.2629

	Deformations of QFTs by inner functions and their roots
	Equivalence of the two deformations in the massless case
	Structure of massive deformations

